
 
 

where 0D is the pre-exponential factor, Bk is the Boltzmann 

constant, and actE is the activation energy.   

 
Figure 8. The mean-squared displacement of CO2 in the first 

and second layer at T=500K and NCO2=700 

 
Figure 8 shows an example of mean-squared displacement of 

CO2 in the first layer and in the second layer. It is clearly shown 
that CO2 in the first layer also mobile but slower. 

 
Figure 9. Natural logarithm of the self-diffusion coefficients as 

a function of inverse temperature. 

  
 
  The activation barrier for self-diffusion is obtained by 
calculating the slope of linear relationship between the natural 
logarithm of self-diffusion and 1/T (Figure 9). We found that 
for the activation barriers of the first and second layer were 
Eact1= 5.5 and Eact2 =2.3 kJ/mol, respectively.   

Along the graphite surface, the diffusion coefficient of 
first and second layers of CO2 on graphite surface is roughly 
10

-11
 m

2
/s and 10

-10
 m

2
/s, respectively which are in good 

agreement with previous simulations.
8,16

 The value is much 
smaller than for diffusion of H2 on graphite (10

-7
 m

2
/s). It is 

interesting that the first layer of adsorbed CO2 is mobile along 
the surface. The mobility is less than that of the second layer 
because the first layer is confined between graphite surface and 
the second layer and has a strong interaction with the graphite 
surface. The figure is comparable with the picture of mobile H2 
molecule on graphite by Simon et al.

17,18
  

CONCLUSION 

In this work, we have used Equilibrium Molecular 
Dynamics to study the adsorption isotherm and diffusion of 
CO2 on a graphite surface. The results show that there are two 
CO2 adsorbed layers. The two layers have very different 
diffusion and exchange possibilities with the gas phase. A 
simple Langmuir model was used to fit the isotherm of the 

second layer. The heat of adsorption was estimated (H
0 
= -16 

kJ/mol). The rate of self-diffusion of CO2 on graphite (~ 10
-10

 
m

2
/s) is small compared to H2 adsorbed (~ 10

-7
 m

2
/s) and CO2 

dense gas (~ 10
-9

 m
2
/s). These results of the equilibrium system 

form the basis for further studies of non-equilibrium properties 
of pure CO2 and mixture CO2/H2 systems.   
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ABSTRACT
Heat conduction experiments are performed in order to identify effects beyond Fourier. Two experimental setups are discussed.
First, a simple experiment by a heterogeneous material is investigated from the point of view of generalized heat conduction,
then the classical laser flash method is analysed.

INTRODUCTION

The theory of heat conduction is the parade ground of test-
ing and developing generalized thermodynamic theories [1; 2;
3]. Recently, a linear irreversible thermodynamic framework of
heat conduction was introduced, where the deviation from local
equilibrium is characterized by a single internal variable and by
the generalization of the entropy current density via a current in-
tensity factor [4; 5; 6]. A general constitutive evolution equation
of the current density of internal energy was derived via intro-
ducing linear relationship between the thermodynamic forces
and fluxes. The Fourier, Maxwell-Cattaneo-Vernotte, Guyer-
Krumhansl, Jeffreys type and Green-Naghdi type equations of
heat conduction were obtained as special cases [7]. This con-
stitutive equation incorporates memory effects and weak nonlo-
cality at the same time, however, only a local entropy function
is assumed, that does not depend on the space derivatives of the
internal energy, the basic state variable.

The balance of internal energy is written as

ρ
∂e
∂t

+∂
iqi = 0, (1)

where ρ is the density, e is the specific internal energy and qi

is the conductive current density of the internal energy, the heat
flux. For the internal energy we assume a constant specific heat
c in the equation of state e = cT , where T is the temperature.
The above evolution equation is written in a substantial form,
assuming negligible production of internal energy. ∂t denotes
the substantial time derivative, the partial time derivative of the
corresponding scalar quantity on the material manifold [8]. The
heat flux is interpreted accordingly. The space derivative ∂i is
used for the gradient in the material framework.

Then one may introduce two kind of irreversibilities. A vec-
torial internal variable together with the assumption that the heat
is not parallel to the entropy current density, j0

s = Bi jq j, leads
to the following nonlocal, relaxation type constitutive evolution

equation of heat flux qi is obtained in the following form [7]:

τ
∂

∂t
qi +qi = λ1∂

i 1
T
+λ2

∂

∂t

(
∂

i 1
T

)
+a1∂

i jq j +a2∂
j jqi +

b1
∂

∂t
(∂i jq j)+b2

∂

∂t
(∂ j jqi). (2)

The material parameters τ, λ1, λ2, a1, a2, b1, b2 are nonneg-
ative and not independent, because

a1λ2 = b1λ1, a2λ2 = b2λ1. (3)

Based on these theoretical considerations, the universality of
the theory was demonstrated by showing that various heat con-
duction mechanisms and material structures lead to the above
form of the constitutive relation. For example, material hetero-
geneity, with the possibility of two temperatures, is one such
possible substructure. Therefore, (2) is interpreted as a univer-
sal, effective approach to heat conduction beyond Fourier.

This rendering leads to a new point of view for the experi-
mental investigations. Phonon propagation is not the only pos-
sibility of non-Fourier heat conduction, but new, mesoscopic
structural effects can also play a role. The question is whether
and under what conditions we can observe these deviations.
One may think, and can also partially show, that in (2) the ad-
ditional terms have the effect of driving the solution toward the
solution of the Fourier equation. Therefore, suppressing the dis-
sipation – as it was performed in the classical experiments of
phonon based low temperature heat conduction (see e.g. [9]) –
is not an option.

We show some results of the analysis of two experimental
setups in order to identify possible deviations from the Fourier
heat conduction:

1. Simple heterogeneous materials. In these experiments, a
layered periodical heterogeneous structure is the subject of
abrupt temperature jump at one of the boundaries. The heat
transfer properties of the layers (paper and air) are differ-
ent. The additional material parameters of the equation are
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Figure 1. Experimental setup. The position of the thermometers is in-
dicated by the numbers.

determined by the experiments, fitting the solutions of dif-
ferent models of heat conduction.

2. Heat conduction measurements with flash method. Here,
we analyse models of ordinary flash experiments from the
point of view of beyond-Fourier heat conduction. Some
benchmarks are established for the parameters of the ma-
terial, the device and the operation for the identification of
non-Fourier effects.

BOOK EXPERIMENT

In this simple measurement we constructed a layered struc-
ture of 200 paper sheets, initially at ambient temperature TL =
29.9◦C. At the beginning of the measurement, the structure
has been contacted to a thermostat, while measuring the tem-
perature at 5 different points of the structure. The experimen-
tal setup is sketched in Fig 1. The sample contained 200 lay-
ers of 19cm × 15cm sheets that were fastened at one of the
shorter sides. The total thickness of the sample was L = 20mm.
The pages were 0.09mm thick and the air between them ini-
tially 0.01mm, an estimation based on the difference of the
total and compressed thickness. The density of the paper is
800kg/m3 and the isobaric specific heat 1340J/kgK. The tem-
perature was measured by a K-type thermometer at the ther-
mostat and by copper-constantan thermocouple wires with di-
ameter d = 0.1mm between the papers. The first thermometer
was built in at the copper plate surface of the thermostat, and
the second, third and fourth thermometers were 1mm, 2mm and
3mm distant from the surface of the sample at the side of the
thermostat, respectively. The position of the fifth thermometer
was 19mm from the thermostat surface. The thermometers were
positioned 7.5cm from the free, not fastened sides.

The measured temperatures are shown in Fig 2 as a func-
tion of time. One can see that the thermostat cannot be consid-
ered homogeneous at the beginning, the temperature of the first
thermometer drops by some centigrades in the first seconds of
the measurement. The temperature of the farthest thermometer,
number 5, increases only a few centigrades during the measure-
ment. We have introduced two effective models for the evalu-
ation of the data. In both cases, the thickness of the thermo-
couple wires was neglected and the problem was considered as
one dimensional, the x axis being perpendicular to the surface

Figure 2. Temperatures of the thermometers 1-5, the serial numbers
are increasing downward.

of the layers. The thermometers were comoving with the mate-
rial, therefore the heat conduction models were interpreted in a
material, i.e. first Piola-Kirchhoff framework.

Effective nonlinear Fourier equation

Here, we introduced the Fourier equation with linearly tem-
perature dependent heat conductivity,

q =−λF [1+b(T −Tre f )]
∂T
∂x

. (4)

where q is the x component of the heat flux and the space deriva-
tive is a material one at the x direction. λF is the Fourier heat
conduction coefficient at Tre f = 0◦C, and b characterizes the lin-
ear temperature dependence of the thermal conductivity.

The initial temperature of the sample was uniform T (t =
0,x) = TL = 29.9◦C. The boundary condition in the free surface
was constant, at the ambient temperature T (t,x = L) = TL. At
the side of the thermostat we have assumed a constant thermal
conductance α, therefore, the corresponding boundary condi-
tion is

λF [1+b(T (t,x = 0)−Tre f )]
∂T
∂x

(t,x = 0) = α[T (t,x = 0)−T0].

The free parameters of the model were the heat conduction coef-
ficient λF , the thermal conductance α, the parameter b, and the
temperature of the thermostat T0. In order to determine the best
effective model parameters we considered the measured tem-
perature data of thermometers 2,3,4 in every 5s to be fitted by
the following partial differential equation, subject to the above
boundary and initial conditions:

ρc
∂T
∂t

−λF
∂

∂x

(
[1+b(T −Tre f )]

∂T
∂x

)
= 0. (5)

The best fit parameters are the following:

λF [W/mK] b[1/K] T2[
◦C]

Values 0.140 −0.008 69.65

Stand. err. 0.006 0.0003 0.15

Table 1. Fitted parameters of the nonlinear Fourier model
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Figure 3. Fitted nonlinear Fourier equation. Black, uncertain line: ther-
mometer data, blue dots: data points of the fit, red smooth line: fitted
model.

The calculations resulted in a high and uncertain value of
the thermal conductance α, indicating that the boundary can be
considered at a constant temperature, and that the fit is not sen-
sitive to this parameter. The negative b may indicate the role of
the weight on the top of the sheets. The goodness of the fit can
be characterised by R2 = 0.9992. We have plotted the data and
the fit together in Fig 3. The red lines denote the fitted func-
tion, the blue dots indicate the data points used for the fit from
thermometers 2, 3 and 4, and the black lines show the complete
measurement data according to Fig 2.

Effective Guyer-Krumhansl equation

Our second model introduces the same number of fit param-
eters with a reduced version of the generalized constitutive heat
conduction, where λ2 = 0, therefore, b1 = b2 = 0. The one di-
mensional form of (2) can be written as

τ
∂

∂t
q+q =−λF

∂T
∂x

+a
∂2q
∂x2 . (6)

The Jeffreys type heat conduction could be a similar sim-
plification, with a similar number of parameters. The role of
the nonlocal terms with these boundary and initial conditions is
probably similar [7].

In this case, the initial temperature distribution in the sam-
ple is the same as in the nonlinear Fourier case T (t = 0,x) =
T1 = 29.9◦C and the boundary conditions are similar: T (t,x =
L) = TL and q(t,x = 0) =−α0[T (t,x = 0)−T0]. However, this
model requires an additional initial and also a further bound-
ary condition. We assume that in case of uniform tempera-
ture distribution the initial heat flux was zero q(t = 0,x) = 0
and at the free side of the sample we assume constant ther-
mal conductance, with a large constant coefficient q(t,x = L) =
−αL[T (t,L)− TL] in order to ensure approximately constant
boundary temperature. The thermal conductances were cho-
sen α0 = αL = 50000± 40000W/m2K. The error estimate is
based on sensitivity calculations, the heat conduction model is
not sensitive in these parameters, similarly to the previous non-
linear Fourier one. The free parameters of the model are the
heat conduction coefficient λF , the relaxation time τ, the Guyer-
Krumhansl parameter a and the temperature of the thermostat
T0.

Figure 4. Fitted Guyer-Krumhansl equation. Black, uncertain line: ther-
mometer data, blue dots: data points of the fit, red smooth line: fitted
model.

In order to determine the best effective model parameters,
we considered the same temperature data as in the case of the
nonlinear Fourier model. The model introduces the following
system of partial differential equations:

ρc
∂T
∂t

+
∂q
∂x

= 0, (7)

τ
∂

∂t
q+q = −λF

∂T
∂x

+a
∂2q
∂x2 . (8)

The best fit parameters are the following:

λ [W/mK] τ [s] a [m2] T0 [
◦C]

Values 0.05243 194.9 1.415×10−5 69.52

Stand. err. 0.00003 0.1 9×10−8 0.05

Table 2. Fitted parameters of the Guyer-Krumhansl model.

The goodness of the fit can be characterised by R2 = 0.99997.
We have plotted the data and the fit together in Fig 4. The red
lines denote the fitted function, the blue dots indicate the data
points used for the fit from thermometers 2, 3 and 4, and the
black lines show the complete measurement data according to
Fig 2.

The Guyer-Krumhansl equation seems to fit the data slightly
better than the nonlinear Fourier model. The thermostat tem-
peratures are approximately the same. However, neither fits are
perfect, there are visible deviations. Remarkable is the large
difference of the Fourier heat conduction coefficients in case of
the different models. The heat conduction of paper is λpaper =
0.11− 0.13W/mK, and that of air is λair = 0.024W/mK. In
our evaluation, the temperature dependent heat conduction co-
efficient is λF(T = TL) = 0.11W/mK at air temperature and
λF(T = T0) = 0.063W/mK at the termostat.

FLASH SIMULATIONS

The laser flash method is a common method to measure the
thermal diffusivity (D, see its definition below) of solid materi-
als having medium and high thermal conductivity (λF ). During
the measurement, a small disk-shaped specimen (with 1-3mm
thickness and 10-30mm diameter) is subjected to a short and
high intensity laser pulse on the front face, and the temperature
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response is recorded on the rear face. D is then calculated based
on the time to reach half of the maximum temperature rise of the
rear face. The method was originally proposed by Parker et al.
[10] in 1961, then further improved by applying corrections for
finite pulse time [11] and heat loss effects [12; 13]. Since the
1960s, numerous extensions of the original method have been
introduced including e.g., the application for liquids, heteroge-
neous materials, and two- or three-layered specimens. Recently,
the ultrafast laser flash method has been proposed by Baba et al.
[14] for the measurement of thin films attached to a substrate.
The thickness of the film can be less than 100nm, for which the
laser pulse duration should be in the order of magnitude of pi-
coseconds. In this parameter domain, the application of hyper-
bolic heat conduction models might be necessary. (It should be
noted that the ultrafast laser flash method has significant differ-
ences in the way of temperature measurement compared to the
classical laser flash method.) In the present study the Maxwell-
Cattaneo-Vernotte (MCV) type heat conduction model was ap-
plied to simulate laser flash experiments. Our aim was to find
the parameters for which the relaxation effect of the MCV equa-
tion can be observed via the measurement.

The laser flash experiment was simulated for a single layer
specimen that is solid, homogeneous and material properties are
constant. One-dimensional heat conduction through the thick-
ness of the specimen was assumed; heat losses were neglected.
Heat conduction was modeled according to the MCV equation:

τ
∂

∂t
q+q = λF

∂T
∂x

, (9)

which is identical to (6) when a = 0. With the help of (1), one
can obtain the following partial differential equation for the tem-
perature:

τ
∂2T
∂t2 +

∂T
∂t

= D
∂2T
∂x2 , (10)

where D = λF
ρc is the thermal diffusivity. We solve the differen-

tial equation with the following initial conditions T (t = 0,x) =
T0, ∂T

∂t (t = 0,x) = 0. At the front boundary, x = 0, a heat pulse
is introduced, with the following form (Fig 5):

q0(t) =

 1
2 qmax [1− cos(2πt/tp)] , 0 < t ≤ tp,

0, t > tp.
(11)

The front boundary condition itself can be given with the help
of the MCV equation (9)

τ
d
dt

q0 +q0 =−λF
∂T
∂x

(t,x = 0). (12)

At the rear face, the boundary condition is required to be
∂T
∂x (t,x = L) = 0.

In order to find the parameters, for which the relaxation ef-
fect of the MCV equation can be observed, we introduced the

Figure 5. The shape of the applied pulse.

following dimensionless variables and parameters:

θ =
T −T0

TL −T0
, where TL = T0 +

1
ρcL

∫ tp

0
q0(t)dt,(13)

Fo =
Dt
L2 , (14)

ξ =
x
L
, therefore 0 ≤ ξ ≤ 1, (15)

Π
2 =

Dτ

L2 , (16)

g(Fo) =
q0(Fo)

q̄
, where q̄ =

1
Fop

∫ Fop

0
q0(Fo)dFo. (17)

Then we obtain the differential equation (10) in a dimensionless
form as follows:

Π
2 ∂2θ

∂Fo2 +
∂θ

∂Fo
=

∂2θ

∂ξ2 , (18)

The initial conditions are θ(Fo = 0,ξ) = 0 and ∂θ

∂Fo (Fo = 0,ξ) =
0. The heat pulse is

g(Fo) =

1− cos
(

2π
Fo

Fop

)
, 0 < Fo ≤ Fop,

0, Fo > Fop.
(19)

and the front boundary condition

Π
2 d

dt
g+g =−Fop

∂θ

∂ξ
(Fo,ξ = 0). (20)

The rear face boundary condition is ∂θ

∂ξ
(Fo,ξ = 1) = 0.

The problem was solved numerically, using a simple explicit
finite difference method. The key for obtaining a stable numer-

ical solution was to keep the Courant number, Cou = δt
δx

√
D
τ
=

δFo
δξΠ

, close to but less than 1. (Cou = 0.99 was applied.)
The shape of the laser pulse q(t) is shown in Fig 5. This func-

tion was chosen because it starts with 0 derivative, its derivative
is finite everywhere, and it has finite height and length. (Start-
ing with non-zero derivative and/or a jump in the function can
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Figure 6. Rear side temperature history, Π2 = 0.005. Black solid
lines Fop = 0.5Π2, grey dashed lines Fop = 2Π2, black dotted lines
Fop = 8Π2

Figure 7. Rear side temperature history, Π2 = 0.02. Black solid lines
Fop = 0.5Π2, grey dashed lines Fop = 2Π2, black dotted lines
Fop = 8Π2

cause instability in the numerical solution.) Looking at the di-
mensionless equations we can conclude that the problem can be
fully characterized by two dimensionless parameters: Π2 and
Fop. In a laser flash experiment, the rear face temperature his-
tory, θ(Fo,ξ = 1), is recorded. Hence, the effect of these two
parameters on the rear face temperature history is to be exam-
ined.

Results of the numerical solution of the dimensionless prob-
lem are shown in Figs 6-8 for various values of Π2 and Fop. In
Fig 6, where Π2 = 0.005, only a slight relaxation effect can be
seen for Fop = 0.5Π2. For longer pulses, waves are not present
in the temperature histories. The main difference in these tem-
perature histories compared to the ones calculated using the
classical Fourier model is that the temperature remains 0 for a
specified time before it starts increasing. In real measurements,
it is difficult to detect this because of the noise in the temper-
ature measurement, and applying a finite pulse time correction
might appear to fix the deviance from the Fourier model. In Fig
7, where Π2 = 0.02, a wave can be clearly seen in the temper-
ature history for Fop = 0.5Π2 and Fop = 2Π2, which is a clear
and easily detectable sign of the MCV equation. Increasing Π2

further (see Fig 8 where Π2 = 0.08), a second wave can be seen
in the temperature history for the shortest pulse. This means

Figure 8. Rear side temperature history, Π2 = 0.08. Black solid lines
Fop = 0.5Π2, grey dashed lines Fop = 2Π2, black dotted lines
Fop = 8Π2

Figure 9. Dimensionless temperature distribution for Π2 = 0.02 and
Fop = 2Π2.

that the wave bounces back from the front side and reaches the
rear side for the second time. The temperature histories for all
three Fop values rise above the steady state value, which is again
a detectable sign of the MCV equation. The length of the pulse
(Fop) has a significant effect on the temperature history. When
Fop is much less than Π2 then the wave is very sharp, which
causes high maximum temperature on the front side. When Fop
is much more than Π2 then the wave might disappear from the
temperature history. This effect can be understood by compar-
ing the two terms on the left hand side of equation (20). We
found that the optimal value of Fop is around 2Π2, because in
this case the two terms have the same order of magnitude.

The value of Π2 in case of the classical laser flash measure-
ments is very low. In order to obtain higher values, special con-
ditions are necessary. This is why it is desirable to find the
smallest value of Π2 for which the relaxation effect of the MCV
equation can be reliably observed. Considering the results of the

523



numerical calculations, we suggest Π2 = 0.02 and Fop = 2Π2

as target values for the detection of the relaxation effect with
the laser flash method. The complete temperature distribution
in time and space for this case is shown in Fig 9. The propa-
gation of the wave caused by the laser pulse can be followed
along the thickness. The wave bounces back from the rear side
but does not reach the front side again. The maximum temper-
ature on the front side is about 9 times higher than the steady
state temperature.

Al @293K NaF @15K

D [m2/s] 9.2 ·10−5 2.6

τ [s] 2.6 ·10−12 6.8 ·10−7

L [m] 1.1 ·10−7 9.4 ·10−3

tp [s] 5.2 ·10−12 1.4 ·10−6

Table 3. Parameters according to Π2 = 0.02 and Fop = 2Π2 for
aluminium at 293K and for NaF at 15K (NaF properties are

based on [9].

Finally, we calculated the recommended thickness (L) and
pulse time (tp) according to Π2 = 0.02 and Fop = 2Π2 for alu-
minum at 293K and NaF at 15K. The results are summarized
in Table 3. For aluminium at 293K the recommended thick-
ness is about 110nm, and the pulse time is about 5.2ps. With
this thickness, the measurement cannot be performed on a stan-
dalone sample, however, measurements on two-layer configura-
tions might be possible [14]. This, naturally needs the modifi-
cation of the mathematical model, and the target values of the
dimensionless parameters must be revised. Regarding NaF at
15K, the recommended thickness is 9.4mm, and the pulse time
is 1.4µs. These are close to the experimental values in [9] and
not extreme, customised laser flash instruments are able to per-
form measurements with these parameters. The big challenge
is to perform the measurement at 15K. The second difficulty
is that the thermal conductivity of NaF around 15K changes
rapidly with temperature, which has to be considered in the
mathematical model. Another option is to keep the tempera-
ture change caused by the pulse very small, which makes the
temperature measurement very challenging.

In conclusion, the detection of the relaxation effect of the
MCV equation by the laser flash method in the classical con-
figuration might be possible only for materials with extremely
high conductivity and very sophisticated instrumentation. How-
ever, the possibility of detecting the relaxation effect seems to
be open for a wider range of materials applying a modified mul-
tilayer configuration of the classical method like in [14]. For
this the mathematical model must be modified to match the mul-
tilayer configuration, and the target values of the dimensionless
parameters must be revised.

DISCUSSION

The book experiment can be modeled reasonably well by
both a nonlinear Fourier equation, with time dependent heat
conductivity and by a linear Guyer-Krumhansl equation. These
results are not conclusive, one cannot decide which model is
better. Especially, the high value of the relaxation time in
the GK model should be handled by care. First, because there
are uncertainties in the fitting, and in the modeling of the con-
tact with the thermostat. Moreover, here the special qualitative
phenomena of the Maxwell-Cattaneo-Vernotte equation may be

suppressed by the higher order dissipation due to the last term
of (7).

The analysis of the laser flash method highlighted the exper-
imental parameters where qualitative effects due to the MCV
equation can be identified. When dissipation beyond the Fourier
equation cannot be suppressed, a similar analysis of the Guyer-
Krumhansl and the Jeffreys type model is necessary.
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ABSTRACT

We present a thermodynamical formulation of elastic, plastic, rheological and thermal stress phenomena of solids that is based

on two pillars. One of them is a recent novel definition of kinematic quantities that enables the description of finite deformation

elastic, plastic and thermal expansion changes in an automatically objective way. In parallel, the other pillar is irreversible

thermodynamics. We show how naturally the well-known aspects of plasticity, as well as the inclusion of rheology, meet the

requirement of positive definite entropy production. The general framework is illustrated via a simulation example and an

experimental example.

INTRODUCTION

In nonquantitative/heuristic terms, objectivity may be formu-

lated as the requirement that the physical content of a theory

must be independent from the description used for the formu-

lation of the theory. It might be expected that it is nontrivial

to ensure objectivity for a theory, and paradoxes, controversies

and errors indicate that indeed this is the case.

Motivated by the need for a safely objective formulation of

continuum physics, in a recent work, we have introduced a

novel definition of kinematic quantities [1; 2]. By working on

Galilean spacetime directly, it was possible to avoid the use of

any auxiliary element—reference frame, reference time, refer-

ence configuration etc.—, which are sources of possible viola-

tion of objectivity in the conventional approaches. In our frame-

work, all kinematic quantities and equations are automatically

objective.

The logical continuation of this program is to reformulate

the mechanical and thermodynamical theories in terms of these

quantities, as well as to look for possible improvements and

possibly emerging new opportunities for theory building. The

present work reports on results obtained in this direction. We

show here a small deformation thermodynamical framework for

elastic, plastic, thermal expansion and rheological phenomena

of solids. Our original aim was an illustration of that, with

the spacetime-based quantities, one can express anything that

is needed in continuum physics. In parallel, it has gradually

turned out that these quantities enable and suggest some such

improvements and possibilities in continuum physics that have

not been apparent before.

To see how our thermodynamical theory performs in prac-

tice, we provide here two illustrations, a numerical calculation

of a concrete example process and an experiment, where the

results demonstrate the features of the theoretical framework.

KINEMATIC QUANTITIES

Based on Matolcsi’s reference frame free approach to theo-

retical physics [3; 4; 5], the problems of objectivity and material

frame indifference [6; 7; 8; 9; 10] have been investigated in a

series of papers [11; 12; 13; 14; 1]. In particular, in [1], the

kinematic quantities for elastic and plastic processes of solids

have been presented in a way that is free from any auxiliary el-

ements like reference frame, reference time and reference con-

figuration. During the birth of [1], it has been realized that this

new approach incorporates thermal expansion also in a natural

way and reveals some nontrivial kinematic and dynamical con-

sequences of thermal expansion [2].

This kinematic background of the subsequent thermodynam-

ical framework can be summarized as follows.

The motion of the continuum

The continuum is considered as a three dimensional smooth

manifold. Each material point of it moves along a smooth world

line in spacetime—which we will take here as a Galilean (“non-

relativistic”) spacetime—, at time t, the spacetime location of P

is rt(P). Its material gradient ∇˜ , i.e., the derivative with respect

to the variable P,

Jt(P) := (rt ⊗ ∇˜)(P) , (1)

is the world line gradient (and is the spacetime compatible

generalization of the traditional deformation gradient) [spatial

derivatives will act to the left or to the right according to the

context, always to indicate the correct tensorial order]. This ten-

sor maps tangent vectors of the material manifold to spacelike

spacetime vectors, which form a three dimensional Euclidean

vector space with Euclidean scalar product h. At any instant

t, the current spatial distance of two material points P,Q is the
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distance of rt(P) and rt(Q) with respect to the spatial Euclidean

metric h,

dt(P,Q) = ‖rt(Q)− rt(P)‖h
. (2)

This induces a current metric

h˜t := J
T

t hJt (3)

on the material manifold ( T standing for transpose) , a scalar

product for the tangent vectors at each material point.

The spacetime velocity of material point P at t is the

time derivative ṙt(P) = vt(P). If we change from the La-

grangian/material/comoving variable to the Eulerian/spacetime

variable then the material gradient ∇˜ is mapped to the spatial

spacetime derivative ∇ via Jt , and we find

Lt = J̇tJ
−1
t (4)

for the velocity gradient

Lt(P) := (vt ⊗ ∇˜)(P). (5)

(Naturally, the substantial/comoving time derivative coincides

with the partial time derivative in the Lagrangian picture.)

Elasticity

So far, our continuum could have been a solid as well as a

liquid (and even a laminarly flowing gas). What could be the

mathematical formulation of the distinction between a solid and

a liquid? Expressing that ‘a solid has a structure’, we can say

that a solid possesses a self-metric (natural metric) structure,

with which its current metric coincides when the solid is under

no external influence. Namely, we assign to a solid a certain

metric g˜ on the material manifold. This metric tells the distances

of material points—i.e., coincides with the current metric h˜t—

when the solid is relaxed.

Our intention with an elastic kinematic quantity is to be the

variable on which elastic stress depends, which, under classical

mechanical experience, may be expected to depend on the dis-

tances between nearby material points. Taking into account that

g˜ describes the distances in unstressed state, the elastic kine-

matic quantity could measure the deviation of the current metric

h˜t from the self-metric g˜. To this end, we can define

A˜ t := g˜
−1

h˜t (6)

(elastic shape tensor), which proves to be the spacetime com-

patible generalization of the ‘right’ Cauchy-Green tensor, and

D˜ t := ln

√

A˜ t =
1
2

lnA˜ t (7)

(elastic deformedness tensor), which is the generalization of the

‘right’ Hencky strain.

These tensors have been defined on the material manifold—

acting on material tangent vectors—but can be transported to

spacetime via J. For the spacetime version (the ‘left’ version),

we can derive the evolution equation

Ȧ = LA+AL
T. (8)

Thermal expansion

As far as elasticity is concerned, the relaxed metric can be

regarded as a constant tensor. However, we are aware of phys-

ical phenomena where the structure of a solid changes, where

its relaxed distances change. One such phenomenon is thermal

expansion. Restricting ourselves to isotropic solids, if l(T ) de-

notes a characteristic length (edge length of a cube, or radius

of a sphere) of a unit amount (mass, or molar number) of the

material at temperature T then, for the temperature dependence

of the relaxed metric, we have

g˜(T2) =

(

l(T2)

l(T1)

)2

g˜(T1) (9)

[in accord with that the metric expresses squared distances].

The usual definition of the linear thermal expansion coefficient

is

α(T ) :=
dl(T )/dT

l(T )
. (10)

When temperature changes in time at a material point, we have

ġ˜=

(

d

dT
g˜

)

Ṫ = 2α(T )Ṫ g˜ (11)

following from Eq. (9), implying

Ȧ = LA+AL
T
−2αA. (12)

Let us note that, in a theory, l(T ), and thus α(T ), must be

given constitutively.

Plasticity

Another phenomenon where the structure of a solid changes

is plasticity. Therefore, plasticity is another source of ġ˜ 6= 0.

Putting elasticity, thermal expansion and plasticity together, we

have

Ȧ = LA+AL
T
−2αA−2Z, (13)

where Z, the plastic change rate tensor is responsible for the

additional change rate of g˜, and is also to be given constitutively.

Remarks

We can see that, actually, g˜ is not purely a kinematic quantity.

Still, since elastic, plastic and thermal expansion deformations

are traditionally considered as kinematic, we must speak about

it here, where these kinematic definitions are given. Also, g˜ is

not purely dynamical, either.

As another remark, useful for the applications, strain can be

defined only with respect to a reference time t0, as

Et0→t :=
∫ t

t0

L
S d˜t, (14)

526



where S denotes symmetric part and d˜t indicates comoving inte-

gration. In parallel, the conventional deformation gradient can

be expressed in the present formalism as

Ft0→t = JtJ
−1
t0

, (15)

and satisfies

At = Ft0→tAt0
F
T

t0→t . (16)

Small deformation

From now on, we restrict our treatment to the small defor-

mation regime, where (i) A is near to I, thus also satisfying

A ≈ I+2D, (ii) J does not change considerably during the time

scale on which we consider a process, and (iii) α can also be re-

garded as a constant. Then Eq. (13) simplifies, in leading order,

to

Ȧ = L+L
T
−2αI−2Z, (17)

rearrangable as

L
S = Ḋ+αṪ 1+Z. (18)

A consequence of the small deformation approximation is

that we do not have to pay attention to the difference between

‘right’ and ‘left’, i.e., material and spacetime tensorial quanti-

ties.

MECHANICS AND THERMODYNAMICS

Stress

Let us start building the dynamical theory by choosing what

we expect on the mechanical side: let our elastic constitutive

equation be the simple linear one:

σσσσσσ =Ud
D

d +U s
D

s (19)

with

D
s = 1

3
(trD)1, D

d = D−D
s, Us = 3K, Ud = 2G. (20)

Actually, a nonlinear choice could also be incorporated, but let

us now pursue a simple, yet interesting, setting.

At this point, we can already observe that the classic

Duhamel-Neumann formula for thermoelasticity [15] is recov-

ered as a special case. To see this, we must assume what are

assumed there: that, at an initial time t0, the temperature is T0

and elastic deformedness is considered zero (Dt0 = 0, At0 = I),

that is, we start with an unstressed, relaxed, natural initial state.

We also stay in the small deformation regime, and neglect plas-

tic changes. Then, at time t, in the leading order approximation,

Dt =
1
2
(At − I) = 1

2

(

Ft0→tF
T

t0→t − I
)

= Et0→t −α(T −T0)I. (21)

Inserting this into Eq. (19) yields

σσσσσσt ≈ 2GEt0→t +
(

K −

2
3
G
)

(trEt0→t)I−3Kα(T −T0)I, (22)

which is precisely the Duhamel-Neumann expression.

Thermodynamical quantities for elasticity, thermal expan-

sion and plasticity

Our first step towards thermodynamics is that we expect the

first law to be satisfied:

ρu̇ =−ju ·∇+σσσσσσ : L
S (23)

for the specific internal energy u and its current ju, both to be

specified constitutively later (and the density ρ being constant

in the small deformation regime) [: denotes trace]. Let us then

construct the rest of the thermodynamical build-up as follows:

our aim is to rewrite Eq. (23) assuming js = ju/T for the entropy

current js, and with an appropriate specific entropy s(D,T ), as

T ρṡ = T (−js ·∇+σs) , (24)

where the positive definiteness of the entropy production, σs ≥ 0

is also to be ensured constitutively.

If we choose again a simple internal energy function, i.e.,

consisting of an elastic energy part and a thermal term corre-

sponding to a constant specific heat c,

u = cT +
Ud

2ρ
D

d : D
d +

U s

2ρ
D

s : D
s +

U s

ρ
T αtrDs, (25)

then, omitting the straightforward details, that appropriate en-

tropy function proves to be

s = c ln
T

T0
+

U s

ρ
αtrDs + s0 (26)

with any temperature value T0 and constant s0, and the corre-

sponding entropy production is found to be

σs =∇
1

T
·ju+

1

T
σσσσσσ : Z=∇

1

T
·ju+

Ud

T
D

d : Z+
U s

T
D

s : Z. (27)

Our remaining task is to ensure the positive definiteness of the

latter.

One simple choice guaranteeing this is when we take the

standard constitutive formula for heat conduction,

ju = λ∇
1

T
(28)

(with, say, a constant positive λ), and prescribe the plastic con-

stitutive equation as

Z = ΓḊ
d with Γ = γH

(

D
d : D

d
−B

)

H
(

D
d : Ḋ

d
)

, (29)
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where γ and B are positive constants, and H is the Heaviside

function.

The choice Eq. (29) is fairly plausible from the plasticity

point of view: the plastic change rate is deviatoric and is pro-

portional to the elastic change rate, the first Heaviside term de-

scribes a von Mises yield criterion (recall that stress is in a linear

relationship with D), and the second Heaviside term expresses

the natural expectation that plastic change is switched off during

unloading.

On the other, thermodynamical, side, the second Heaviside

term ensures that entropy production is positive definite. One

may actually dare to put this reversely: plasticity must be

switched off during unloading, as otherwise positive definite-

ness of entropy production would be violated.

We remark that it poses no difficulty to incorporate tempera-

ture dependent coefficients U s, Ud, α, c.

Adding rheology

The thermodynamical formulation of rheological models is

possible with the aid of internal variables (dynamical degrees

of freedom [16]). The details [17] of this derivation cannot be

given here, but the outline is similar to what happens in [18].

Namely, we assume the presence of an additional internal

variable, a symmetric tensor ξξξξξξ, and extend our previous entropy

function as

s = sprevious −
1

2
ξξξξξξ : ξξξξξξ. (30)

If plasticity and thermal expansion are neglected then the pos-

itive definiteness of entropy production leads to, in the linear

Onsagerian setting, after eliminating the internal variable, a lin-

ear rheological model with σσσσσσ, σ̇σσσσσ, D, Ḋ, D̈ terms. Therefore, we

arrive at a common generalization of the Poynting–Thomson–

Zener and the Jeffreys models, which we may call the inertial

Poynting–Thomson–Zener model.

A SIMULATION

The evolution equations Eq. (18), Eq. (23), together with the

approximate mechanical equation of motion

σσσσσσ ·∇ = 0 (31)

and the constitutive prescriptions Eq. (19), Eq. (25), Eq. (28),

Eq. (29), form a closed set of equations, thus being capable to

calculate a concrete process. To demonstrate this, we have per-

formed a numerical calculation for a cylindrical rod uniaxially

stretched by an increasing force, linear in time.

Figure 1. shows the strains and the temperature as the func-

tion of time. Plastic change (blue line) begins only above the

critical stress. Below this, temperature decreases, similarly to

what happens for an adiabatically expanded gas. Therefore,

the total strain (black line) runs a bit below the elastic strain

(green line), the difference caused by the nonzero thermal ex-

pansion coefficient. When the plastic change also appears, the

total strain increases faster, and, due to the dissipative power

term σσσσσσ : Z, temperature also starts to increase.

Figure 2. shows the modification of the setup, where the

rod has slightly nonconstant cross section: then plasticity (blue

0

 

0.2

15

0.1

105
0

Figure 1. Uniaxially stretched rod. The temperature (red line) first de-

creases and then increases, the elastic strain (green line) increases fol-

lowing the increased stress, the plastic strain (blue line) appears only

above the critical stress, causing that the total strain (black line) starts to

increase faster.

❵❵❵❵❵❵
②

③
rod

❵❵❵②stretching

❵❵❵ ③ stretching

�
��✒
time

✻
stress

Figure 2. Stretching a rod with slightly nonconstant cross section. Plas-

tic change (blue region) starts where the rod is the thinnest, and failure

(red region) also occurs there, the remaining part of the rod has only

elastic and thermal expansion deformations (green region).

region) appears first at the location where the sample is thin-

ner, and failure (red region) would also appear there, if a simple

stress failure criterion is added for illustration and for the sake

of the following Section.

AN EXPERIMENT

We have carried out the above stretching example not only in

simulation but also as an experiment on a plastic (“Docamid 6G-

H” polyamide) sample. In addition to measuring the extensions,

a thermal camera has measured the surface temperature of the

sample during the process. We can observe on the snapshots in

Fig. 3 the initial decrease of temperature and then its increase,

observable where plastic change has already started.
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Figure 3. Stretching a rod with slightly nonconstant cross section —

experiment. The outline (upper left figure) displays the two spots whose

temperature was not only recorded by the thermal camera but also nu-

merically displayed, together with the maximal temperature in the rect-

angle area. The subsequent five figures are snapshots taken by thermal

camera. The first shows the initial state, then the quasi-adiabatic cooling

is observable, then heat dissipation appears due to plastic change, then

the plastic change reaches the whole thinner part of the sample, and

finally failure occurs.

CONCLUSION

We intended to illustrate that our recent kinematic formu-

lation can be incorporated in mechanical and thermodynami-

cal theories, with thermal expansion and plastic processes de-

scribed naturally and realistically, even when considering only

simple constitutive choices and small deformations. Rheology

can also be added—when plasticity and thermal expansion are

also kept then interesting cross effects are expected to emerge,

offering new theoretical possibilities for explaining experimen-

tal observations.

The finite deformation version of the presented theory is also

possible, though some formulae become nontrivial due to the

fact that the multiplication of tensors is not commutative. This

work is in progress currently. Finally, we wish to strengthen the

connection between theory and experiment, evaluating quanti-

tatively the already performed experiments and to devise new

ones.
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Hungarian Academy of Sciences), Budapest, 1986.

[5] T. Matolcsi, Spacetime Without Reference Frames,
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INTRODUCTION 

Boiling shocks are formed in flows with accelerations of 
tens-hundreds metres per second. Such flows are most of 
interest since they are realized under loss-of-coolant nuclear 
power stations accidents.  

In a classic experiment on a high-pressure vessel 
depressurization of Edwards and O’Brien [1], the vessel was 
a 4 m length horizontal tube with 7.3 cm internal diameter. 
The tube initially contained hot water with temperature 515 
K. The pressure in the tube, P0=6.9 MPa, was twice the 
pressure of saturation and the water did not boil. The right-
hand end of the tube was closed with a glass disc. On 
destroying the disc, the liquid efflux accompanied by boiling 
started. A uniform pressure of 2.7 MPa, which was less than 
the pressure of saturation (3.5 MPa) but greater than an 
atmospheric one, settled all over the vessel. 

In large-scale experimental pressure oscillograms (figure 
1), the first waves crossing the channel within 3 ms looked 
like an instant pressure drop up to P=2.7 MPa at zero time. 
The pressure remained constant for a long time: only after 0.2 
s did it start to decrease rapidly at the 3rd point, and then at 
the 4th and 5th points. This was the second wave of 
rarefaction, a ‘slow wave’, moving with the speed of only 10 
m s-1. The experimental oscillograms of the pressure and 
volumetric vapor fraction measured at the 4th point (solid 
lines in figure 3a,b) showed that the pressure drop in the 
‘slow wave’ was accompanied by the increase in the 
volumetric vapour content from 0.2 to 0.9. 

Slow waves of boiling were observed in Edwards and 
O’Brien’s experiments at different initial parameters of water 
and in the experiments with the other fluids: CO2 [2] and 
dichlorodifluoromethane [3]. 

HIGH-PRESSURE VESSEL DECOMPRESSION IN 
THE FRAMES OF AN EQUILIBRIUM MODEL 

An equilibrium model [4] includes the equations of 
conservation for mixture mass, momentum and entropy: 
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The equation of state for an equilibrium mixture is a 
sectionally continuous dependence between the mixture 
density, pressure and entropy. It consists of two parts. At the 
point of their intersection (the point of boiling inception) the 
derivative of density with respect to pressure breaks: 
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The first part of (4) is the equation of state for a pure liquid 
and the second one is that for an equilibrium mixture.  

The isoentropic curve for an equilibrium mixture 
expansion is shown by a dashed line in figure 3c. 

 
MAXIMUM ENTROPY PRODUCTION IN BOILING SHOCKS 

 
Oleg Ivashnyov, Marina Ivashneva 

 
Moscow MV Lomonosov State University, Vorobyovi Gori 1, Moscow 119899, Russia 

ABSTRACT 
Experimental studies of hot water depressurization have shown that liquid boiling proceeds in a shock which moves at a speed 
of approximately 10 m/s from the open end deep into the tube. The ‘boiling shock’ was obtained in a numerical experiment 
using the flow model that considered temperature and velocity non-equilibrium of phases. To analyse the mechanism of an 
instantaneous evaporation, the wave structure was described with model’s stationary version in the moving frame linked with 
the wave front. From the numerical experiment there were taken all the parameters of nonequilibrium mixture ahead of the 
wave front but the velocity of the oncoming flow. The velocity was varied to see if a stationary wave-type solution could be 
obtained. Among the integral curves there was a series of regimes in which the flow velocity went over on a steady level and 
the mixture reached an equilibrium state. Their analysis showed that an instantaneous transformation of the non-equilibrium 
boiling mixture into an equilibrium state was caused by a chain bubble fragmentation which led to a sharp increase in the 
interfacial area, intensification of the vaporization process and loss of liquid’s excess heat. Each of stationary wave-type 
regimes was characterized by a definite meaning of the entropy increase in the shock. It occurred that, in a numerical 
experiment using a full, non-stationary, system of model equations that was in good agreement with a physical experiment, 
there realized the regime with a maximum entropy production. 
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Figure 1. Experimental pressure oscillograms at five different 
tube cross-section locations (shown in the insert). 
 

 
It follows from the equation of state (4) that at P=Ps(To), 

the speed of sound 
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changes instantaneously from the speed of sound in a pure 
liquid, 1100 m s-1, down to the speed of sound in an 
equilibrium two-phase mixture 
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which is much less, 26 m s-1 (at 515 K). Therefore the wave 
of rarefaction is split into two waves moving with different 
velocities. The first wave where the pressure drops down to 
the pressure Ps(T0) spreads with the speed 1100m s-1. The 
second wave, where further diminishing of the pressure 
occurs, moves with the speed of 26 m s-1. These two waves 
are separated by a zone of constant pressure. 

The calculations using the equilibrium model are shown in 
figure 2 and by dashed lines in figure 3. The two parts of the 
rarefaction wave are seen (in multi-scale oscillograms, the 
first one looks like a vertical pressure drop at zero time). 
According to calculations the pressure behind the first wave 
of rarefaction is equal to the pressure of saturation, 3.5 MPa, 
while in the experiment it is much less, 2.7 MPa. 

Using experimental oscillograms of pressure and 
volumetric vapour content the curves of the mixture 
expansion in P-V (pressure-specific volume) coordinates have 
been built (figure 3c). Their comparison with curves for an 
adiabatic expansion of an equilibrium mixture have shown 
that the 1st rarefaction wave converts the mixture into a 
metastable, overheated, state and the 2nd one turns it back to 
equilibrium.  

  
Figure 2. Calculations using an equilibrium and 
nonequilibrium models of boiling. 
 

DECOMPRESSION IN THE FRAMES OF THE 
MODEL ACCOUNTING FOR THEMPERATURE AND 
VELOCITY NON-EQUILIBRIUM OF PHASES 

In the model, the boiling is considered to start up at centers 
of nucleation. The pressures in the phases are assumed to be 
equal; the parameters in a bubble are uniform and equal to the 
parameters on the line of saturation; the vapour density is 
much less that the liquid density; the phase slip is much less 
than the flow velocity. 

Along with the equations (1), (2) for mixture mass and 
momentum conservation, the model comprises the equations 
of conservation for internal energy, vapour mass, bubble 
number, and the equation of motion of an individual bubble: 
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Virtual mass coefficient vmC is equal to 1/2 for spherical 

bubbles. D/Dt is the material derivative following the mixture 
and dg/dt is that following the bubbles. 
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Figure 3. (a,b) A comparison of experimental and theoretical 
oscillograms of pressure and volumetric vapour content for point 4 
(see figure 1). (c) Experimental (built using parameters’ values at 
points ABCDE marked in a,b) and theoretical pressure-specific 
volume dependencies. 
 

Neglecting the dependence of liquid density on 
temperature, and considering that, nearby the saturation line, 
the isotherms built in P-V coordinates are strait lines, we used 
the equation of the liquid state in the following form: 
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Then thermal-energy equation for the liquid state is: 
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where lSi  is the liquid enthalpy on the line of saturation, 
B=5000 m2/(c2 K), D=305 K are approximation parameters. 

Differentiating (11) we obtain specific isobaric thermal 
capacity of the liquid h 
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where )(Pϕ  is the derivative taken along the line of 
saturation. 

For the wide range of temperatures, K590K450 ≤≤ ST , 
the approximation 5102A,A ⋅== gg Pρ m2/s2 describes the 
vapour state on the line of saturation with a relative error of 
2%. 

The intensity of bubble breakup ψ  is defined with a 
relaxation ratio: 
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where c* is the number of bubbles that would be formed if the 
fragmentation were instantaneous, and ∗τ  is the characteristic 
fragmentation time which are specified using the solution of 
the problem about the rise in amplitude of a small harmonic 

perturbation with wavelength λ  arising on a plane interphase 
boundary [5]:  
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From the condition that a bubble is divided by the wave with 
the fastest growing amplitude,  
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the number of fragments appeared as a result of a bubble 
breakup (c*/c) is determined as the ratio of the bubble 
diameter to the length of the wave ∗λ . A characteristic time 
of breakup is adopted to be the time of e-time (e=2.7...) rise in 
amplitude of the perturbation with wavelength ∗λ . From an 
evident condition: r2≤∗λ , one obtains the criterion of the 
surface stability of the bubble overflowing by fluid, the 
Weber number: 
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and the evaluation of its critical value, π3=∗We . 
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u∆  in the equation (14) is determined from the equation 
for motion of an individual dispersed unit (8) by: 
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 (16) 

Where tDD /  is the material derivative following the 
mixture which substitutes the material derivative following 
the bubbles tdd g /  taking into account the assumption about 

the smallness of the phase slip, llg uuu <<− . 

The expression for the interfacial drag coefficient µC  is: 
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Following [6] the intensity of liquid evaporation into a 

bubble j is defined using an automodel solution about a 
motionless bubble growth in an overheated liquid [7] as: 
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From (16), it follows that the liquid acceleration is the only 
reason of the disturbance of the equality in the phase 
velocities.  

The number of initial bubbles and the critical Weber 
number are specified as: 5

0 104×=c  kg-1, We*=1. 
The numerical results obtained using the model (for more 

details one may see [8]) correspond to experimental ones: the 
pressure level (2.7 MPa) remains constant for a long time and 
then suddenly drops (figure 2, upper section); the decrease of 
pressure is accompanied by the increase in the volumetric 
vapour content (dashed-dotted lines in figure 3). Thus the 
shock of boiling has been obtained in the numerical 
experiment. 

THE STRUCTURE OF THE BOILING SHOCK 

The width of the ‘boiling wave’ is small and does not 
increase in time that allows us to suppose that it can be 
described by stationary equations in the coordinate system 
linked with it:  
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The frozen speed of sound af , the velocity of high-
frequency indignations spread in the absence of interphase 
transfer processes, is determined as: 
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All the parameters at z=0 but the velocity of the oncoming 
flow u* are taken from the numerical experiment given in 
figure 2 (upper section): P=2.7 MPa, T=513 К, 2.0=α  
c=c0=4×105 kg-1  and We=We*. 

Parameters profiles obtained at different u* values are 
presented in figure 4. At a starting point of the wave, the 
Weber number reaches its critical value and bubbles begin to 
break-up. Due to the fragmentation the interfacial area 
increases and boiling intensifies. The pressure decreases 
(since the bubble number c is in the numerator of 20). The 
increase in velocity gradient du/dz causes an increase in the 
difference of phase velocities u∆  (see 21). The increase in 

u∆  is why the Weber number (14) does not decrease after 
breakup in spite of the diminishing of bubble radius and so 
breakup is repeated. Thus, it proceeds like a chain reaction, 
i.e. one breakup creates the conditions for the next one. That 
leads to the great increase in bubble number. The bubble 
fragmentation comes to an end when the mixture reaches an 
equilibrium state   ( gl TT = ).       Then, the intensity of the 

 
 
 
 
 
Figure 4. The structure of the boiling wave calculated using 
stationary model equations. The parameters at z=0 (except for 
the velocity of the oncoming flow) are specified being equal 
to that ahead of the wave front obtained in the numerical 
experiment using nonstationary model version. The curves 
correspond to different values of the flow velocity in front of 
the wave (shown in m s-1). 
(a,b) The distribution of the pressure and entropy along the 
channel for different regimes. 
(c,d,e,f) The distribution of the other parameters for 3 wave-
type regimes. 
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Figure 6. The Hugoniot curve with energy release, the 
dependence of the specific mixture volume on the pressure 
behind the wave. Points marked correspond to regimes with 
different velocities of the flow ahead of the wave’s front 
(shown in m s-1). 

 
interphase heat exchange j approaches to zero, 0/ →zdud  
and the chain fragmentation is switched off. 0/ →zdPd  as 
well. As a result, ‘step like’ solutions (solid lines in figure 4a) 
are obtained. The regimes of this type are realized under the 
oncoming velocity 10m/s ≤ u* ≤ 15.666m/s. Entropy 
distribution along the channel shows entropy peak in the 
coordinate of the wave front. (The explanation why the 
entropy increase in a rarefaction wave does not contradict the 
2nd law of thermodynamics may be found in the next 
paragraph.) The entropy value in the peak corresponds to the 
pressure wave amplitude, the greater the pressure fall the 
greater the rise in the entropy. Maximum entropy production 
is attained under a limit oncoming velocity value u*=15.666 
m s-1 when the flow accelerates up to the equilibrium sonic 
speed ae (figure 4f). This is the regime that is realized in the 
calculations with the full model, as the condition u=ae ensures 
the ‘linkage’ of the wave of boiling with the waves following 
it.  

At u* greater than 15.666 m s-1, the flow velocity increases 
up to the sonic one u=ae earlier than the phases come to 
equilibrium. The denominator in right part of (20) becomes 
equal to zero, parameters’ gradients tend to infinity and the 
solutions break off (the regimes under u*>15.666 m s-1 are 
shown by dashed-dotted lines in figure 4a). Broken-off 
solutions are of two types: with the pressure break-down 
behind the wave front section (15.666<u*<16), and with the 
pressure tearing off at once (u* ≥ 16 m/s). The ‘broken’ 
entropy distributions are of two types as well (figure 4b).  

 

INTEGRAL RATIOS IN FRONT OF THE BOILING 
SHOCK 

Let us now explain why the regime with the flow velocity 
behind the wave equal to the equilibrium sonic speed is the 
one realised in a numerical experiment using a full, non-
stationary, model. 

The state with parameters fixed ahead of the wave front in 
the numerical experiment will be considered to be an initial 
one. For the terminal state, we claim boiling to be 
equilibrium: )(PTT sl = . We will link the states by the laws 
of the mass, impulse and energy conservation (17-19). 

Let us build the dependence of the specific mixture volume 
on the pressure behind the wave (the Hugoniot curve).  

Excluding velocities from (17-19) we obtain: 
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Where the 1st and the 2nd terms in the left-hand part are the 
enthalpies of an equilibrium and nonequilibrium (ahead of the 
wave) mixture, correspondingly; 0lT∆  is the liquid’s 
overheat. Inserting 
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we obtain the equation for an equilibrium Hugoniot curve 
from (22): 
 

( ) ( ) ( )( ) ( )0000000 ,,
2
1,, llee TVPQPPVVVPiVPi ∆=−+−− (24) 

 
Since )(),,( PiiVP gg == χχ , the only component of 
mixture enthalpy (9) depending on the mixture overheats is 
the liquid enthalpy. In correspondence with (11), (12) this 
dependence may be presented as follows: 
 

( ) ( ) ( ) ( )( )0000000 ,, PTiPiTcPiTPi slslelllell =∆+=∆ . 
 

Having substituted this equation for 0li  into (9) we obtain the 
expression for the inequilibrium mixture enthalpy in the form: 
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The second term in the right-hand part of this expression is 
the energy of an initial liquids’ overheat. Comparing (23) 
with (25) we see that 
 

( ) ( ) 00000 1,, lll ThTVPQ ∆−=∆ χ . 
That is lQ  is positive. For waves with 0>lQ , it has been 
shown that the entropy increases across the wave front for 
both compression and rarefaction waves, in contrast to waves 
with 0≤lQ . Thus the entropy increase in a rarefaction wave 
(figure 4a,b) does not contradict the second law of 
thermodynamics.  

The equation for the equilibrium sonic speed may be 
obtained by differentiating of the equation for the equilibrium 
mixture state: 
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Under the analysis usually carried for Hugoniot curves 

with heat release [9], it has been shown that a maximal flow 
rate through the shock wave front is attained when the flow 
rate behind the wave front is equal to the equilibrium sonic 
speed since the flow is equilibrium behind the wave. 

Among the wave-type stationary regimes there is one with 
the flow speed equal to the equilibrium sonic speed behind 
the wave front (under u*=15.666 m/s in figure 4f), this regime 
being just the one obtained in a numerical experiment using 
full, nonstationary, boiling flow model equations. The 
realization of the regime with a maximum mass flow rate may 
be regarded as the implementation of Jouguet’s hypothesis set 
up for combustion waves for the waves of boiling.  
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CONCLUSIONS 

The phenomenon of shock boiling under a high-pressure-
vessel decompression has been simulated using boiling flow 
model which considers phases to be non-equilibrium in 
temperatures and velocities. 

The shock wave structure investigation using stationary 
equations in the moving frame linked with the wave’s front 
has shown that a quick boiling mixture transformation into an 
equilibrium state is caused by a chain bubble fragmentation 
which led to a fast loss of liquid’s excess heat by means of a 
sharp increase in the interfacial area. 

For the stationary model system solution, all the 
parameters ahead of the wave front but the velocity of the 
oncoming flow were taken from the numerical experiment 
using a full, non-stationary, system of model equations. There 
were obtained a set of wave-type regimes each characterizing 
by a definite meaning of the entropy increase in a shock. It 
occurred that, in a numerical experiment on depressurization 
that was in good agreement with the physical one there 
realized the regime with the maximum entropy production.  
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NOMENCLATURE 

Symbol Quantity SI Unit 
   
a Speed of sound m s-1 
A Approximation parameter m2 s-2 
c Bubble number per unit mixture 

mass 
kg-1 

B specific heat of the liquid on 
saturation curve 

m2 s-2 K-1 

Cvm Virtual mass coefficient dimensionless 
µC  Interfacial drag coefficient dimensionless 

D Constant in the approximation 
dependence for liquid enthalpy 
on a saturation curve 

K 

G Mass flow rate kg m-2 s-1 
h Specific heat capacity of the 

liquid 
m2 s-2 K-1 

i Specific enthalpy m2 s-2 
I ( )λ  Decrement of a wave s-1 

j Intensity of liquid evaporation 
into a bubble 

kg s-1 

Ja Jacob number  dimensionless 
k Constant in the equation for the 

liquid state 
m3 kg-1 

K Constant number symbol dimensionless 
l Specific heat of liquid 

vaporization 
m2 s-2 

n Bubble number per unit mixture 
volume 

m-3 

Nu Nusselt number dimensionless 
P Pressure kg m-1 s-2 
r Bubble radius m 
Re Bubble Reynolds number dimensionless 
S Entropy m2  s-2 K-1 

   
t time s 
T Temperature K 
u Velocity  m s-1 
V Specific volume m3 kg-1 

We Weber number dimensionless 
x Coordinate m 
z Coordinate in a moving frame m 
   
α  Volumetric vapour fraction dimensionless 
β  Coefficient of the liquid 

compressibility 
kg m-2 s-1 

χ  Mass vapour fraction dimensionless 
γ  Coefficient of the thermal 

conductivity for the liquid 
kg m  s-3 K  

λ  Wavelength m 
µ  Dynamic viscosity coefficient kg m-1 s-1 
ρ  Mixture density kg m-3 
σ  Coefficient of the surface tension kg s-2 
τ  Fragmentation time s 
ξ  Perturbation amplitude m 
ψ  Intensity of bubble fragmentation kg-1 s-1 
   
e Refers to the ‘equilibrium’ 

mixture characteristic 
 

f Refers to the ‘frozen’ mixture 
characteristic 

 

g Refers to the vapour phase  
l Refers to the liquid phase  
s Refers to a saturation condition  
0 Refers to an initial condition  
∗  Refers to a critical condition   
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ABSTRACT
In the classical experiment of Joule and Thomson, a gas passes through a porous plug. The pressure difference between the
upstream and the downstream side of the porous plug causes a temperature difference. Here, the flow process is described for
the case that the fluid may condense, and the pressure loss is caused by a thin capillary. The process is calculated assuming local
thermodynamic equilibrium and one-dimensional temperature and pressure distributions, respectively.

A vapor far from saturation does not condense, and the temperature and pressure distribution for the common Joule-Thomson
process is recovered. A vapor close enough to saturation may condense partially or completely, and a liquid or a two-phase
mixture flows through a part of the capillary. The thermodynamic path of the fluid is presented in temperature-entropy and
pressure-temperature diagrams.

INTRODUCTION

In an adiabatic throttling or Joule-Thomson process, the con-
tribution of the kinetic energy to the energy balance is negligi-
ble. The enthalpies of the fluid are the same upstream and down-
stream of the region where a pressure loss occurs. For gases,
the Joule-Thomson coefficient, i.e., the change of temperature
with respect to pressure at constant enthalpy, µJT = (∂T/∂ p)h,
may be positive or negative. Vapors, i.e., fluids in a gaseous
state below the critical temperature, always have a positive
Joule-Thomson coefficient. Hence, a vapor undergoing a Joule-
Thomson process always has a downstream temperature which
is smaller than the upstream temperature.

The temperature difference causes the transport of heat, usu-
ally by conduction, in downstream direction. However, a vapor
at or close to saturation upstream of the tube may not be able
to release a sufficient amount of heat by cooling down. Instead,
the vapor must condense, either partially or completely. The
heat released by condensation is consumed further downstream
by evaporation of the partially or fully condensed fluid.

The temperature field of the flow through a long, thin cap-
illary may be approximated by a one-dimensional temperature
distribution, and a one-dimensional description of the flow be-
comes possible. A one-dimensional description is also applica-
ble to the flow through a porous medium, if the porous medium
is modeled as a bundle of equivalent capillaries. Hence, results
obtained for the flow through a porous medium may also be ap-
plied to the flow of a fluid through a capillary.

Schneider [1] described the one-dimensional flow of a fluid
that is in an upstream state of a saturated vapor through a porous
medium. Schneider did not account for effects of capillarity,
such as capillary condensation or the pressure difference across
curved menisci, but assumed that phase changes occur at plane
interfaces. He observed that, due to the Joule-Thomson effect, a
saturated vapor that flows through a porous medium must con-
dense.

A critical permeability was given for the porous medium.
With respect to the flow through a capillary, this is equivalent
to a critical radius. For a radius of the capillary below the crit-
ical value, the vapor condenses completely. For a radius of the
capillary larger than the critical radius, the fluid condenses par-
tially, and a two-phase mixture flows through a part of the cap-
illary. The value of the critical radius depends on the properties
of the fluid and on the thermal conductivity in the flow region.
For common substances, the critical radius is of the order of
10 nm. The critical radius may be much larger for very good
heat conductors.

The, usually, very small value of the critical radius may be
the reason that the Joule-Thomson effect did not receive much
attention under conditions where phase changes occur. Con-
fer, for instance, the remark of Tien [2], who stated, with re-
spect to the flow of vapors through porous media, that ‘Another
basic thermodynamic phenomenon that my play an interesting
role in heat-pipe performance under certain conditions has never
been mentioned or analyzed in the literature. This is the Joule-
Thomson effect of real gas flow.’

Capillary effects, which dominate the flow, were investigated
more thoroughly. Rhim and Hwang [3] investigated the flow of
vapors near saturation through porous Vycor glass. They did not
account for the Joule-Thomson effect, but for capillary conden-
sation, adsorption and the large capillary pressure across curved
interfaces between the liquid and the vapor phase. They found
that the mass flow of a fluid under conditions where condensa-
tion occurs is greatly enhanced with respect to the mass flow of a
vapor that does not condense. They also observed that, because
a large amount of heat is evolved due to condensation and evap-
oration within the porous medium, the fluid can not stay isother-
mal. However, later, in their seminal work Lee and Hwang [4]
described the flow of a vapor through a porous medium as an
isothermal process.

Based on the approach of Schneider [1], the Joule-Thomson
process of a vapor was analyzed, including also the effects of
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p2 < p1
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Figure 1. Sketch of the flow.

capillarity [5; 6]. A modified expression for the critical per-
meability [6] or for the critical radius of a capillary [7] was
given. It was found that the mass flow rates calculated by ap-
plying an isothermal description were an order of magnitude
larger than the mass flow rates calculated from an adiabatic,
non-isothermal description [8]. Experimentally measured mass
flow rates were still smaller than those obtained from the adia-
batic description [8].

These results suggest that capillary forces may dominate the
flow. However, in turn, the capillary forces are notably influ-
enced by the small variation due to the Joule-Thomson effect.
Consider a situation where a liquid plug is located inside a cap-
illary. At both ends of the liquid plug curved interfaces are
formed. The pressure differences across the curved interfaces
are large, and large forces are exerted on the liquid on both ends
of the liquid plug. However, because these forces act in op-
posite directions, they sum up to zero. If the thermodynamic
equilibrium at one end of the plug changes, e.g., by heating up
one end, a large force equal to the difference of the capillary
forces remains and acts on the liquid plug. This perception is
somehow supported by the observation that, over a wide range
of contact angles, the mass flow rate is independent of the con-
tact angle [7].

The states of a fluid that flows through a small capillary, with
and without phase changes, are presented further below.

THEORETICAL DESCRIPTION

The flow configuration is sketched in Fig. 1. A vapor is in
a state p1, T1 upstream of the end of a tube. The pressure p2

downstream of the tube is smaller than the pressure at the up-
stream side, p2 < p1. Due to the Joule-Thomson effect, the
temperature T2 at the downstream side is also smaller than the
temperature T1 upstream of the tube. The length of the capil-
lary is L, which is large compared to the inner diameter 2r. The
walls of the tube contribute to the heat transfer in longitudinal
direction. However, there is no heat transfer in radial direc-
tion, which can be achieved either by isolating the tube adiabat-
ically against the surrounding or by placing a large number of
the same tubes in parallel.

Governing equations

The flow is governed by the balances of mass, momentum
and energy,

ṁ = constant, (1)

ṁ =− r4π

8ν

dp
dz

, (2)

ṁh+ r2
π q̇/ε = constant. (3)

Here, ṁ denotes the mass flow rate, ν refers to the viscosity of
the fluid, p is the pressure, z the spatial coordinate, h refers to

the specific enthalpy of the fluid and q̇ denotes the heat flux. The
ratio of the inner to the outer cross-sectional area of the tube is
given by ε . The Reynolds-number is small, hence the law of
Hagen-Poiseuille is applied, Eq. (2). The heat flux is given by
Fourier’s law of heat conduction,

q̇ =−kmf
dT
dz

, (4)

where T is the absolute temperature and kmf is the effective ther-
mal conductivity of the fluid-filled tube,

kmf = (1− ε)km + εkf. (5)

Here, km and kf refer to the thermal conductivities of the solid
tube material and the fluid, respectively.

Two-phase flow within the membrane is modeled as homo-
geneous flow,

x =
αv2ph

vg
, ẋ = x, (6)

v2ph =

(
1−α

vl
+

α

vg

)−1

. (7)

Here, x and ẋ are the mass fraction and the mass flow fraction
of the vapor, respectively, α is the vapor volume fraction and
vl, vg and v2ph refer to the specific volumes of the liquid phase,
the gaseous phase and the two-phase mixture of the fluid, re-
spectively. The effective kinematic viscosity and the effective
thermal conductivity of the two-phase mixture, ν2ph and k2ph,
are given by

ν2ph = (αµg +(1−α)µl)v2ph, (8)

k2ph = αkg +(1−α)kl. (9)

Here, µg and µl refer to the dynamic viscosities and kg and kl to
the thermal conductivities of the gaseous and the liquid phase,
respectively.

At interfaces between the liquid and the gaseous phase of
the fluid within the tube, the pressure difference is given by the
Young-Laplace equation,

pcap =
2σ cosθ

r
, (10)

where σ refers to the surface tension and θ is the contact angle.
The pressure of the vapor phase of the fluid at a front of phase
change, pK, is given by Kelvin’s equation,

ln

(
pK

psat

)
=−2σ cosθ

r
vl

RT
. (11)

Here, psat is the saturation pressure at a plane interface and
R refers to the specific gas constant. Within the tube, a
phase change occurs if the pressure of a vapor rises to p =
pK(T ), or if the pressure in the liquid falls below p = pK(T )−
2σ(T )cosθ/r. With respect to the condition at a plane in-
terface, the pressures at a curved interface are different in the
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gaseous and the liquid phase. On both sides of the interface
work is done on the fluids to bring them from their states at a
plane interface to their respective states at a curved interface.
These works must be added to the enthalpy of vaporization at a
plane interface. Therefore, the specific enthalpy of vaporization
at fronts of phase change within the porous membrane, hvap,K,
is given by

∆hvap,K = ∆hvap +(pK− psat)

×
((

∂hg

∂ p

)
T
−
(

∂hl

∂ p

)
T

)
+

(
∂hl

∂ p

)
T

2σ cosθ

r
. (12)

Here, ∆hvap is the specific enthalpy of vaporization at a plane in-
terface and hl and hg denote the specific enthalpies of the liquid
and the gaseous phase, respectively.

For the flow of a single phase of a fluid, Eqs. (1) to (3) and (4)
yield, together with, e.g., initial conditions for ṁ, ṁh+ q̇, T
and p, a well-posed initial value problem for the variables T
and p in dependence of z. For two-phase flow, pressure and
temperature are not independent of each other. Instead, two
independent variables are, e.g., T and α , and the dependence
between T and p must be formulated. To determine the gra-
dient (dp/dT )2ph in a two-phase region in dependence of T
and α , the marginal cases of α → 1 and α → 0 are consid-
ered. The first case is equivalent to the state of a vapor that
is in equilibrium with its liquid phase at a curved meniscus,
hence, (dp/dT )α→1 = dpK/dT . The second case is equiva-
lent to the state of the liquid at the other side of the menis-
cus, (dp/dT )α→0 = d(pK−2σ cosθ/r)/dT . For homogeneous
two-phase flow the pressure gradient is put as the volume-
averaged mean of the pressures in the liquid and the gaseous
phases, respectively,

(
dp
dT

)
2ph

=
dpK

dT
− (1−α)

2cosθ

r
dσ

dT
. (13)

The boundary conditions complete the governing system of
equations. They are

T = T1, p = p1, q̇ = 0 at z→−∞, (14)

p = p2, q̇ = 0 at z = L. (15)

The system of governing equations is solved numerically.
A shooting method is used to solve the boundary value prob-
lem. First, the downstream state of the fluid is completely de-
termined. With h2 = h1, the downstream temperature T2 is cal-
culated by integration along an isenthalpic line,

T2 = T1 +

p2∫
p1

(
∂T
∂ p

)
h

dp. (16)

Applying the initial conditions T = T2, p = p2 and q̇ = 0 at
z = L, the governing equations are integrated in negative z-
direction. Integration is iteratively repeated, each time chang-
ing the value of ṁ, until the condition p(z = 0) = p1 is fulfilled
within a tolerance of (p1− p2)/1000.

−2 −1.5 −1 −0.5 0 0.5 1
294

296

298

300

302

z/L

T [K]

Figure 2. Temperature distribution in a Joule-Thomson process of a
vapor without phase change. The tube extends from z/L = 0 to z/L = 1.

RESULTS

Results are presented for the flow of butane through a glass
capillary. The thickness of the wall is half the inner radius,
hence ε = 0.44. The thermal conductivity of glass is 0.5 W/m K.
At a temperature of 300 K, the saturation pressure of butane
is psat(300 K) = 2.57 bar. For a vapor that does not con-
dense, the temperature-entropy and the pressure-temperature di-
agram is shown in Fig. 3. In this case, the upstream pressure is
p1 = 2.1 bar and the downstream pressure is p2 = 0.5 bar. The
vapor cools down isobarically in front of the tube. Within the
tube, the vapor expands nearly isothermally until it reaches the
downstream pressure p2. Figure 2 shows the temperature distri-
bution. The vapor expands nearly isothermally within the tube
because the thermal conductivity of the tube material is much
larger than the thermal conductivity of the vapor, 0.5 W/m K vs.
0.016 W/m K.

The path of the process in the temperature-entropy diagram
in Fig. 3 shows that, even though the upstream state 1 and the
downstream state 2 are both unsaturated vapors, condensation
must occur if the path of the process crosses the line p = pK.
The line p = pK is depicted as a dotted line close to the line
of saturated vapor in the T -s diagram. In the p-T diagram, the
dashed line refers to p = pK.

The states of a fluid when partial condensation occurs are
shown in Fig. 4. With respect to the case shown in Fig. 3, the
only condition which is changed is the upstream pressure, from
p1 = 2.1 to p1 = 2.3 bar. The two-phase mixture that flows
through a part of the tube has a vapor mass fraction and also a
liquid mass fraction of order unity. Hence, because the density
of the liquid phase of the fluid is much larger than the density of
the vapor phase, the volume fraction of the vapor is very close to
one. The p-T diagram shows that the pressure in the two-phase
mixture within the tube is close to pK, the pressure of a vapor in
the tube.
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Figure 3. Joule-Thomson process of a vapor without phase change. States of the fluid in a temperature-entropy and a pressure-temperature diagram.
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NOMENCLATURE

h Specific enthalpy [J/kg]
k Thermal conductivity [W/m K]
ṁ Mass flow rate [kg/s]
p Pressure [Pa]
q̇ Heat flux [W/m2

R Specific gas constant [J/kg K]
r Radius [m]
T Absolute temperature [K]
v Specific volume [m3/kg]
x Vapor mass fraction
ẋ Vapor mass flow fraction
z Spatial coordinate [m]

α Greek letters to follow
α Vapor volume fraction [-]
ε Void fraction [-]
θ Contact angle [-]
µ Dynamic viscosity [Pa s]
ν Kinematic viscosity [m2/s]
σ Surface tension [N/m]

Subscripts

0 Reference state
1 Upstream state
2 Downstream state
2ph Two-phase

cap Capillary pressure, cf. Eq. (10)
f Fluid
g Gaseous
l Liquid
K Vapor pressure at a curved interface, cf. Eq.(11)
m Solid material
sat Saturation pressure
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s Conferen
eBres
ia, July 1-5, 2013ON THE LAGRANGE MULTIPLIERS METHOD IN EXTENDEDTHERMODYNAMICS OF IRREVERSIBLE PROCESSESS.I. SerdyukovDepartment of Chemistry, Mos
ow State University, 119992 Mos
ow, Russiaserdkv�te
h.
hem.msu.ruABSTRACTIn this paper we 
onsider extended thermodynami
 theory based on the postulate that entropy density is a fun
tionof the internal energy density and its time derivative. Using fundamental equation and the balan
e equation forthe internal energy density, we 
an write the entropy balan
e equation and obtain expressions for the entropy �uxand the entropy sour
e. Further we 
onsider tools of the rational thermodynami
s, namely Lagrange multipliesmethod. We start from the entropy balan
e equation (entropy inequality) and suppose that entropy �ux andentropy produ
tion are fun
tions of the heat �ux and heat �ux rate. De�nitions of the generalized temperatureand new intensive quantity as fun
tions of the Lagrange multipliers lead to the fundamental equation (generalizedGibbs equation) and expli
it expressions for the entropy �ux and entropy produ
tion.INTRODUCTIONConventional version of extended irreversible thermo-dynami
s [1-5℄ is based on the postulate that entropy den-sity s is fun
tion of the dissipative �uxes. Let us 
onsiderthe heat 
ondu
tion in a rigid isotropi
 body at rest with-out sour
e term. For the system under 
onsideration
s = s(u,q), (1)where u is the internal energy density, q the heat �ux. Inthis paper, we 
onsider extended thermodynami
 theory[6-9℄ based on the postulate that the entropy density sis a fun
tion of the internal energy density u and timederivative u̇:
s = s(u, u̇), (2)where u̇ = ∂u/∂t and t is the time. The total di�erentialof the entropy density has the form

ds =
∂s

∂u
du+

∂s

∂u̇
du̇. (3)Let us de�ne generalized temperature θ and new intensivequantity Λ in analogy with the 
lassi
al theory:

θ−1 =
∂s

∂u
, θ−1Λ =

∂s

∂u̇
, (4)where θ = θ(u, u̇) and Λ = Λ(u, u̇) depend on the addi-tional variable u̇. Then, the fundamental equation is givenby

θds = du + Λdu̇,and
∂s

∂t
= θ−1

∂u

∂t
+ θ−1Λ

∂u̇

∂t
. (5)The se
ond di�erential of the entropy density has theform

d2s = dθ−1 du+ d(θ−1Λ) du̇. (6)

Further, let us postulate the 
onvexity of s as fun
tion of
u and u̇. Then, we have inequality

∂θ−1

∂t

∂u

∂t
+

∂(θ−1Λ)

∂t

∂u̇

∂t
≤ 0. (7)GENERAL THEORYThe balan
e equations for the variable u,

ρu̇ = −∇ · q, (8)(ρ is the mass den
ity) relates the extra variables u̇ and q.Di�erentiating equation (8) with respe
t to time leads tothe balan
e equation for the variable u̇:
ρ
∂u̇

∂t
= −∇ · q̇, (9)where q̇ = ∂q/∂t. Using balan
e equations (8), (9), fromthe fundamental equation (5), we obtain the entropy bal-an
e equation:

ρ
∂s

∂t
= −∇·(θ−1q+θ−1Λq̇)+q·∇θ−1+q̇ ·∇(θ−1Λ). (10)We 
an see that equation (10) is written in the standardform

ρṡ = −∇ · Js + σ, (11)where
Js = θ−1q+ θ−1Λq̇ (12)is the entropy �ux,

σ = q · ∇θ−1 + q̇ · ∇(θ−1Λ) ≥ 0 (13)is the entropy sour
e. A

ording to the se
ond law of ther-modynami
s, the entropy produ
tion is non-negative. Ex-pression (13) shows that, to the heat �ux q, the thermody-nami
 for
e ∇θ−1 
orresponds, and to the time derivative
q̇, the thermodynami
 for
e ∇(θ−1Λ) 
orresponds.
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As in 
lassi
al irreversible thermodynami
s we 
onsidertotal entropy produ
tion
P =

∫

σ dV =

∫

[q · ∇θ−1 + q̇ · ∇(θ−1Λ)] dV, (14)where V is the volume of the system. A part of the timederivative of the entropy produ
tion, dXP/dt, has the form
dXP

dt
=

∫
[

q ·

∂

∂t
∇θ−1 + q̇ ·

∂

∂t
∇(θ−1Λ)

]

dV. (15)Let us transform (15) into
dXP

dt
= −

∫
[

∂θ−1

∂t
∇ · q+

∂(θ−1Λ)

∂t
∇ · q̇

]

dV + (16)
+

∮
[

∂θ−1

∂t
q+

∂(θ−1Λ)

∂t
q̇

]

· n dΣ,where n is a unit ve
tor dire
ted outside along the nor-mal to the surfa
e, dΣ is a surfa
e element. When time-independed boundary 
onditions take pla
e (θ and Λ aregiven), the surfa
e integral be
ones zero. Using equations(8), (9) and inequality (7), we obtain from (16) that
dXP

dt
=

∫

ρ

[

∂θ−1

∂t

∂u

∂t
+

∂(θ−1Λ)

∂t

∂u̇

∂t

]

dV ≤ 0 (17)Inequality (17) is extended evolution 
riterion, whi
h isgeneralization of the Glansdor�-Prigogine 
riterion.LINEAR THEORYTo a �rst approximation, the thermodynami
 for
es arelinearly related to the 
orresponding �uxes and �ux rates.Therefore, from expression (13), we have
∇θ−1 = R11q+R12q̇, (18)

∇(θ−1Λ) = R21q+R22q̇. (19)Thus, for a single irreversible pro
ess, we have obtainedtwo phenomenologi
al equations. A

ording to the Onsager-Casimir prin
iple, the matrix of the 
oe�
ients Rij is an-tisymmetri
, i.e.,
R12 = −R21. (20)Using phenomenologi
al equations (18) and (19), werepla
e the thermodynami
 for
es in expression (13) forthe entropy produ
tion and obtain expression

σ = R11q · q+R22q̇ · q̇ ≥ 0, (21)from whi
h it follows that the diagonal 
oe�
ients are pos-itive: R11 > 0, R22 > 0.Let us transform phenomenologi
al equation (18) in theform
R12

R11

∂q

∂t
+ q = −

1

R11θ2
∇θ, (22)and 
onsider Maxwell-Cattaneo law

τ
∂q

∂t
+ q = −λ∇T, (23)where T is the lo
al-equilibrium temperature, τ is the re-laxation time, λ is the thermal 
ondu
tivity. Comparing

equations (22) and Maxwell-Cattaneo law (23), we �nd theexpression for generalized temperature,
θ = T, (24)and relationship between the 
oe�
ients: R11 = 1/λT 2,

R12 = τ/λT 2.Howeve, if heat 
ondu
tion is governed by the dual-phase-lag equation,
τ
∂q

∂t
+ q = −λ

(

∇T + ε
∂∇T

∂t

)

, (25)then the 
omparison of the equation (22) with equation(25) gives a more 
omplex linear approximation for thegeneralized temperature:
θ = T + ε

∂T

∂t
. (26)Thus, in the propozed theory the generalized temperatureis de�ned by the form of the 
onstitutive equation.LAGRANGE MULTIPLIES METHODIn the previous se
tions the methods of 
lassi
al irre-versible thermodynami
s was used. Further let us 
onsidertools of the rational thermodynami
s, namely Lagrangemultiplies method proposed by Liu [10℄. We start fromthe entropy balan
e equation whi
h we write in the form

ρṡ+∇ · J = σ ≥ 0. (27)Apart from we suppose that entropy �ux and entropy pro-du
tion are fun
tions of the heat �ux q and heat �ux rate
q̇. So that 
onstitutive relations are

s = s(u, u̇), Js = Js(q, q̇), σ = σ(q, q̇). (28)Within this theory the 
onstrains are given by the energybalan
e equation and time derivative of the energy balan
eequation whi
h 
an be written in the form
ρu̇+∇ · q = 0, ρü+∇ · q̇ = 0. (29)Multipli
ation of the balan
e equations by Lagrangemultipliers λ1, λ2 and insertion this terms to the left-handside of the entropy inequality (27) give more general ex-pression:

ρṡ+∇ · Js
− λ1(ρu̇+∇ · q)− λ2(ρü+∇ · q̇) ≥ 0. (30)Let us represent time derivative of u and divergen
e of Jsin the form

ṡ =
∂s

∂u
u̇+

∂s

∂u̇
ü, (31)

∇ · Js =
∂Js

∂q
: ∇q+

∂Js

∂q̇
: ∇q̇. (32)Using (31) let us make substitution in (30). After rear-rangement we obtain inequality

(

∂s

∂u
− λ1

)

ρu̇+

(

∂s

∂u̇
− λ2

)

ρü+

(

∂Js

∂q
− λ1U

)

: ∇q+(33)
+

(

∂Js

∂q̇
− λ2U

)

: ∇q̇ ≥ 0,
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where we used equalities
∇ · q = U : ∇q, ∇ · q̇ = U : ∇q̇. (34)Sin
e inequality (33) be
omes valid for 
ompletely arbi-trary variation of the values u̇, ü, ∇q, ∇q̇ (time derivativesof the independent variables u, u̇ and gradients of the �ux

q and �ux rate q̇), we have
∂s

∂u
− λ1 = 0,

∂s

∂u̇
− λ2 = 0, (35)

∂Js

∂q
− λ1U = 0,

∂Js

∂q̇
− λ2U = 0. (36)Further, let us de�ne generalized temperature θ and newintensive quantity Λ 
orresponding to variable u̇ by theequalities

λ1 = θ−1, λ2 = θ−1Λ. (37)The �rst supposition of the 
lassi
al approa
h is de�nitionsof the intensive quantities (4). Within proposed theory,based on the Lagrange multipliers methods, de�nitions ofthe generalized temperature θ and new intensive quantity
Λ (37) are last supposition.Then, (31), (35) and (37) lead to the expression for ṡ:

ṡ = θ−1u̇+ θ−1Λü. (38)We 
an see that Lagrange multipliers are fun
tions of uand u̇. From (36) we obtain that entropy �ux Js is linearfun
tion of q and q̇:
Js = θ−1q+ θ−1Λq̇. (12a)Entropy balan
e equation (27) and equalities (38), (12a)lead to expression for the entropy produ
tion:

σ = q · ∇θ−1 + q̇ · ∇(θ−1Λ) ≥ 0. (13a)Linear theory on the basis of the expression (13a) 
an beobtained as in the previous se
tion (see formulas (18)-(26)).Equations (38), (12a) and (13a) are �nal result of thegeneral theory. Using 
lassi
al approa
h, we started from

the fundamental equation (5) and obtained the entropybalan
e equation (11). Lagrange multipliers method per-mits us to obtain fundamental equation (38) from the en-tropy balan
e equation (27).REFERENCES[1℄ D. Jou, J. Casas-V�azquez and G. Lebon, Extended Ir-reversible Thermodynami
s, 3rd edn., Springer, Ber-lin, 1996.[2℄ D. Jou, J. Casas-V�azquez and G. Lebon, Extended Ir-reversible Thermodynami
s Revisited (1988-98), Rep.Prog. Phys. vol. 62, pp. 1035-1142, 1999.[3℄ I. M�uller and T. Ruggeri, Extended Thermodynam-i
s, Springer, New York, 1993.[4℄ L.S. Garsia-C�olin and F.J. Uribe, Extended irreversi-ble thermodynami
s beyond the linear regime: A 
rit-i
al overview, J. Non-Equilib. Thermodyn., vol. 16,pp. 89-128, 1991.[5℄ R.E. Netletton and S.L. Sobolev, Appli
ations of ex-tended thermodynami
s to 
hemi
al, rheologi
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s and dual-phase-lag model in heat tra-nsfer, Phys. Lett. A, vol. 281, pp. 16-20, 2001.[7℄ S.I. Serdyukov and N.M. Voskresenskii, Behavior ofentropy in non-
lassi
al heat 
ondu
tion of in
om-pressible media, J. Non-Equilib. Thermodyn., vol.35, pp. 323-335, 2010.[8℄ S.I. Serdyukov, Dual-phase-lag equations and entropybehavior inrelaxation hydrodynami
s, Physi
a A., vol.391, pp. 5871-5882, 2012.[9℄ S.I. Serdyukov,Generalized temperature and non-
la-ssi
al heat 
ondu
tion in rigid bodies, J. Non-Equilib.Thermodyn., vol. 38, pp. 81-96, 2013.[10℄ I.-S. Liu,Method of Lagrange multipliers for exploita-tion of the entropy prin
iple, Ar
h. Rat. Me
h.Anal., vol. 46, pp. 131-148, 1972.

544



12th Joint European Thermodynamics Conference
Brescia, July 1-5, 2013

MULTITEMPERATURE MIXTURE OF PHONONS AND ELECTRONS AND NONLOCAL THERMOELECTRIC
TRANSPORT IN NANOSYSTEMS

V. A. Cimmelli∗, A. Sellitto∗∗, D. Jou†

∗University of Basilicata, Department of Mathematics, Computer Science and Economics, Potenza (Italy), E-mail:
vito.cimmelli@unibas.it

∗∗University of Basilicata, Department of Mathematics, Computer Science and Economics, Potenza (Italy), E-mail:
ant.sellitto@gmail.com

†Autonomous University of Barcelona, Department of Physics, Bellaterra, Catalonia (Spain), E-mail: david.jou@uab.cat

EXTENDED ABSTRACT

In the past decades the need for more efficient materials for electronic refrigeration and power generation has driven a heightening interest in the
field of thermoelectricity. Different thermoelectric materials are currently under investigation by many research groups. Some of them are focusing
their efforts on minimizing the lattice thermal conductivity and others on getting large power factors.

Usually, the analysis is especially focused on computer simulations, or statistical mechanical analyses, while scant attention is paid to continuous
models which may give strong physical grounds to practical research and to investigate new frontiers.

In this poster we present a mesoscopic model of thermoelectric effects in rigid bodies, leading to a system of enhanced thermoelectric balance
equations, accounting for different phonon and electron temperatures and mutual energy exchanges. In particular, following the way drawn in recent
papers [1; 2], we assume that the overall heat flux q has two different contributions: the electron heat-flux contribution q(e) and the phonon heat-flux
one q(p), such that

q = q(e)+q(p).

We regard the phonons and electrons as a mixture of gases flowing through the crystal lattice, each of which is endowed with its own temperature.
Accounting for two different temperatures may be important, for instance, in

1. Time-dependent situations: fast laser pulses. When a laser pulse hits the surface of a system, initially the electrons capture the main amount
of the incoming energy, with respect to the phonons. Subsequently, through the electron-phonon collisions, they give a part of it to the phonons.
This may be of interest, for example, in the Raman thermometry (which is often utilized to measure the temperature in small electronic devices)
or in information recording on optical discs (CD, DVD, Blu-Ray).

2. Steady-state situations: nonequilibrium temperatures. As the electron mean-free path `e is usually shorter than the phonon mean-free path
`p, in heat propagation and when the longitudinal distance z is such that `e < z< `p, it is expected a very high number of electron collisions, and
only scant phonon collisions. This yields that the electron temperature may reach its local-equilibrium value, whereas the phonon temperature
is still far from its own local-equilibrium value.

Our goal will be pursued in the framework of Extended Irreversible Thermodynamics, the theory in which the dissipative fluxes are updated to
the rank of thermodynamic variables and the gradients of the unknown fields are allowed to enter the state space [3; 4]. We also take advantage
from the theory of mixtures of fluids with different temperatures, recently proposed in the literature [5; 6].
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ABSTRACT
We associate the following physical co-mover conditions of to different frame choices: i) Eckart: particle flow, ii) Landau-
Lifshitz: energy flow, iii) Jüttner: moving thermometer frame. The role of fixing a flow-frame is analysed with respect to local
equilibrium concentrating on dissipative currents and forces in single component relativistic fluids. The special role of a ”Jüttner
frame” is explored and contrasted to the more common Eckart and Landau-Lifshitz choices.

INTRODUCTION

In dissipative theories of relativistic fluids we deal with four
fundamental questions.

The first considers causality. Only divergence type theories
are, in general, causal because there the symmetric hyperbolic-
ity of the system of nonlinear evolution equations is established
by construction [1; 2; 3; 4; 5; 6]. The weaker version of causal-
ity requires for the symmetric hyperbolicity only for the lin-
earized equations, and allows for characteristic speeds less than
the speed of light [7]. This weak causality was studied in the
Israel-Stewart theory; numerous resulting inequalities are given
in [8]. From a physical point of view the causality of theories
with parabolic differential equations should also be possible. In
this case the validity of the continuum description is restricted
by the characteristic maximal speeds [9; 10; 11; 12]. A neces-
sary condition for this type of restrictions requires the damping
of the perturbations, equivalent to the the linear stability of the
theory [13].

The second question deals with generic stability. Generic
stability is the linear stability of the homogeneous equilibrium
solutions. The simplest relativistic generalization of the nonrel-
ativistic Fourier-Navier-Stokes equations was proved to be un-
stable by Hiscock and Lindblom [14]. In the sequel they formu-
lated mathematical conditions of generic stability of the Israel-
Stewart theory [8]specified to the Eckart frame. However, due
to the overwhelming complexity of these conditions they are
not connected to reasonable properties of equations of state or
transport coefficients. Since then several different propositions
arose suggesting a first order theory, mostly motivated by the
restoration of the generic stability [15; 16; 12; 17; 18; 19; 20;
21].

The third question is the correct distinction between ideal
and dissipative fluids, especially in a relativistic context. It is
customary to assume that perfect, nondissipative fluids are char-
acterized by a special form of the energy-momentum tensor and
the particle current density vector [22; 23]. On the other hand
physical dissipation is accompanied by nonzero entropy produc-

tion. From this point of view there is a more extended family of
perfect fluids beyond the customarily treated ones [24]. These
distinctions are technically addressed by the so called matching
conditions [25; 20; 21; 26].

Finally the proper choice of flow-frames continues to be an
unsettled question [16]. One generally believes that in relativis-
tic fluids the flow field ua can be chosen arbitrarily, since it is
a somewhat vaguely defined physical property, belonging to the
flow of volatile quantities, once the energy, once the conserved
charge. In this situation it is customary to fix the flow either to
the motion of particles (Eckart frame) [27], or that of the energy
density (Landau-Lifshitz frame) [28]. The flow fixing deter-
mines a continuous set of local rest frames in the fluid: we shall
refer to the different choices of fixing the flow as flow-frames or
frames. Contrary to the belief in a free choice of the flow-frame
we point out that this may not be completely arbitrary, as one
associates a given physical content of the dissipation to each.
Further choices than the two classical ones should be preferred
by demanding a given form of local Gibbs relations.

In this paper we present the general flow-frame, the separa-
tion of perfect and dissipative parts of energy-momentum and
particle number current density and their relation to generic sta-
bility. The key theoretical aspect connecting these problems is
relativistic thermodynamics. Our most important observation
is that the usual assumption of kinetic equilibrium by introduc-
ing the velocity field parallel to the local thermometer and La-
grange multiplier field βa also appearing in the collision invari-
ant ψ = α + βaka, already acts as a flow-frame fixing. This
choice we tag as thermometer frame or Jüttner frame, distin-
guishing from the Eckart, Landau-Lifshitz and other conven-
tions.

GENERAL ONE COMPONENT DISSIPATIVE RELA-
TIVISTIC FLUIDS

In this paper the Lorentz form is given as gab =
diag(1,1,1,1) and all indexes a,b,c, ... run over 0,1,2,3. We
use natural units, h = k = c = 1.
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A single component fluid is characterized by the particle
number four-vector Na and the symmetric energy-momentum
density tensor T ab. The velocity field of the fluid, the flow-
frame ua, introduces a local rest frame and the basic fields Na

and T ab can be expanded by their local rest frame components
parallel and perpendicular to the flow:

Na = nua + ja, (1)
T ab = euaub +qaub +uaqb +Pab. (2)

Here n is the flow-frame particle number density, ja is in this
frame the non-convective particle number current density, e is
the energy density, qa is the momentum density and Pab is the
pressure tensor. These components are flow-frame dependent,
in particular jaua = 0, qaua = 0 and Pabub = 0. Introducing
the substantial time derivative d

dt := ua∂a denoted by and over-
dot, the balances of the particle current density and energy-
momentum are expressed by the local rest frame quantities:

∂aNa = ṅ+n∂aua +∂a ja = 0, (3)
∂bT ab = ėua + eu̇a + eua

∂bub + q̇a +qa
∂bub +

ua
∂bqb +qb

∂bua +∂bPab = 0a. (4)

The energy and momentum balances are the time and space-
like components of the energy-momentum balance projected in
the flow-frame:

ua∂bT ab = ė+ e∂bub +uaq̇a +∂bqb−Pab
∂bua = 0, (5)

∆
a
c∂bT cb = eu̇a +∆

a
bq̇b +qa

∂bub +qb
∂bua +∆

a
c∂bPcb = 0a.(6)

The frame related quantities are important in the separation
of the ideal and dissipative parts of the basic fields. This separa-
tion is best performed by analyzing the thermodynamical rela-
tions. In order to achieve this one postulates the existence of an
additional vector field, the entropy current as a function of the
basic fields Sa(Na,T ab). It must not decrease by fulfilling the
condition of the balances (3) and (4). That conditional inequal-
ity can be best represented by introducing the Lagrange-Farkas
multipliers1 α and βa, respectively:

Σ := ∂aSa +α∂aNa−βb∂aT ba ≥ 0. (7)

The left hand side of this inequality shows, that the definition
of the entropy production is done before specifying the flow-
frame. However, the separation of ideal and dissipative parts
of basic physical quantities, is a consequence to the choice of
that flow-frame. Citing the authors of [32], when arguing about
the uniqueness of the Landau-Lifshitz frame “The uniqueness
of the energy frame comes from ... the physical assumption that
the dissipative effect comes from only the spatial inhomogene-
ity.“. However, what is spacelike is a frame dependent question
and one hopes only that physical systems may reveal by their
internal dynamics a physical ground for such a separation. A
possible candidate for this separation can be the thermometer
vector, βa, reconstructable from observations of a multiparticle
spectra stemming from a relativistic fluid.

1Lagrange multipliers are introduced for conditional extrema. For condi-
tional inequalities Gyula Farkas suggested analogous quantities and proved the
corresponding theorem of linear algebra, called Farkas’ lemma [29; 30; 31].

THERMODYNAMICS OF RELATIVISTIC FLUIDS –
EQUILIBRIUM

The concept of perfect fluids deals with the absence of dissi-
pation, the entropy production vanishes:

Σ0 = ∂aSa
0 +α∂aNa

0 −βb∂aT ba
0 = 0. (8)

The equilibrium entropy density Sa
0 is connected to the equi-

librium particle number density Na
0 and equilibrium energy-

momentum density T ab
0 by the following definition of the

isotropic pressure:

p0β
a = Sa

0 +αNa
0 −βbT ab

0 . (9)

Standard kinetic theory definitions and calculations satisfy
the above expressions. Then α and βa are coefficients in the
collision invariant of the equilibrium distribution function, ψ =
α+βaka, and the pressure is that of an ideal gas p0 = n0T .

Kinetic theory describes a perfect fluid by the detailed bal-
ance requirement. Out of equilibrium dissipation can occur.
In a dissipative fluid all physical quantities in principle devi-
ate from their local equilibrium values. There also may exist
non-dissipative currents (presumably driven by non-dissipating
forces, like the Lorentz force in magnetic fields). The thermo-
dynamic approach aims at the separation of dissipative and non-
dissipative local currents, in order to ensure the positivity of the
expression (7). Physical freedom in the choice of a flow-frame
should be restricted to different handlings of non-dissipative
currents.

It is natural to introduce the Jüttner frame ua
J defined by the

direction of βa (thermometer motion):

ua
J =

βa√
‖βaβa‖

. (10)

In that frame the equilibrium fields are decomposed as:

Na
0 = nJua

J , (11)
T ab

0 = eJua
Jub

J− p∆
ab
J , (12)

Sa
0 = (βJhJ−αnJ)ua

J , (13)

where hJ = eJ + p0 is the equilibrium enthalpy density in the
Jüttner frame, and βJ = βaua

J = 1/TJ is the reciprocal Jüttner
temperature. α, βa and p0 do not carry a frame index, because
they are introduced before specifying the flow-frame. On the
other hand the representations (11)-(13) are frame dependent. In
case of a general flow-frame ua, that is not parallel to βa, one can
characterize this difference by introducing wa = βa/(βbub)−ua.
Then wa is orthogonal to ua (waua = 0) and spacelike (wawa =
−w2). The Lagrange multiplier four-vector, βa, can be splitted
as

β
a = βJua

J = β(ua +wa), (14)

where β = βaua is the reciprocal temperature in a general frame
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defined by ua. The equilibrium fields in this frame are given as

Na
0 = n0ua + ja

0, (15)

T ab
0 = e0uaub +qa

0ub +qb
0ua− p∆

ab +
qa

0qb
0

h0
, (16)

Sa
0 = (βh0 +βwbqb

0−αn0)ua +βqa
0−α ja

0. (17)

Here β = βJ/
√

1−w2, n0 = nJ/
√

1−w2, e0 =
(eJ + pw2)/(1−w2), α and p0 does not change, ja

0 = n0wa,
qa

0 = h0wa [24]. (15)-(17) and (11)-(13) are the forms of the
same equilibrium fields in the Jüttner and in the general frames
respectively. In the specific equilibrium the Jüttner, Eckart and
Landau-Lifshitz frames coincide, the different choices lead to
the same condition: wa = 0.

THERMODYNAMICS OF RELATIVISTIC FLUIDS –
OUT OF EQUILIBRIUM

In classical non-equilibrium thermodynamics, without inter-
nal variables, one assumes that the gradients of the equilibrium
fields characterize the deviation from local kinetic equilibrium.
In that case the concept of local equilibrium is not modified.
The internal variable theories, like the Israel-Stewart theory [33;
34; 25; 35; 36] or GENERIC [37; 38], choose a different char-
acterization: local equilibrium is modified, some formerly dis-
sipative currents appear among the state variables and as a
conseqence their contribution may reduce the entropy produc-
tion. The relativistic theories revealed that the flow-frame fixing
plays a special role in the specification of local equilibrium. It
has been an observation of Planck and Einstein, that the mo-
mentum density (energy current density) is not purely dissipa-
tive and therefore in relativistic theories it has to be taken into
account even in local equilibrium [39; 40].

Our starting point is the fundamental inequality of the second
law (7). We introduce the following relation of the fields out of
equilibrium, as a generalization of (9):

Sa +αNa−βaT ab = Φ
a. (18)

With a general Φa this relation is valid without any restriction.
In a general flow-frame, ua, we define the thermostatic pressure
as:

p =
uaΦa

β
. (19)

Therefore the general form of the potential Φa can be written as

Φ
a = βp(ua +ga), where uaga = 0. (20)

The parallel and perpendicular components of (18) to the flow
ua are

s+αn−β(h+wbqb) = 0, (21)
Ja +α ja−β(qa +wbΠ

ab)+βp(wa−ga) = 0a, (22)

where h = e+ p and Πab = Pab + p∆ab is the viscous pressure.
Then we rewrite the entropy production (7) with flow related

quantities:

Σ = ∂aSa +α∂aNa−βa∂bT ab =−Na
∂aα+T ab

∂aβb +∂aΦ
a =

−nα̇+hβ̇+qa(βwa)̇+β ṗ+Π
ab

∂aβb− ja
∂aα+qa

∂aβ+

βu̇b(qb−hwb)+βqaub
∂awb + p(ga−wa)∂aβ+

pβ∂
a(ga−wa)+ga

β∂a p. (23)

Thermodynamics is taken into account by the following two
postulates.

1) The underlined part in the above expression with proper
time derivatives (total differentials) is zero.

β
d
dt

p = n
d
dt

α−h
d
dt

tβ−qa d
dt
(βwa). (24)

This is the relativistic Gibbs-Duhem relation. Considering this
together with the vanishing differential of (21), we obtain the
Gibbs relation [41]:

β(de+wadqa) = ds+αdn. (25)

Based on this result we conclude that the entropy has to be given
by a functional relationship between the local densities (but cer-
tainly including the momentum density qa), i.e. the proper rela-
tivistic and local equation of state is a function s(e,qa,n). It has
the following partial derivatives:

∂s
∂e

∣∣∣∣
qa,n

= β,
∂s
∂n

∣∣∣∣
e,qa

=−α,
∂s

∂qa

∣∣∣∣
e,n

= βwa, (26)

identifying the thermodynamical entropic intensive parameters
as being β, α = βµ and βwa. The four-vector wa is constrained
by its orthogonality to the local flow, so it contains independent
information on a spatial three-vector only. In isotropic media
this degree of freedom is reduced to the length of this vector, w2.
In cases containing radiation it appears as a velocity parameter
of the Doppler shift [41].

By utilizing the above functional form of the equation of state
one derives that the pressure, the intensive parameter associated
to mechanical work, satisfies the following four-vector general-
ized Gibbs-Duhem relation, now written by the traditional dif-
ferentials:

β∂a p = n∂aα−h∂aβ−qb
∂a(βwb). (27)

2) Our second postulate is ga = wa. By doing so we spell
out the fundamental compatibility of non-equilibrium (18) with
the equilibrium (9) definitions of pressure. In this way we treat
the non-dissipative part of the thermodynamical potential, and
with that the influence of the pressure gradient on the entropy
production rate possibly closest to the ideal gas behavior. This is
a special matching condition known from kinetic theory (δn =
0, δe = 0): in this case the pressure four-vector Φa is parallel to
the thermometer vector βa.

Now a short calculation reduces (23) to a form collecting
terms according to the gradients of intensives. A chemical dif-
fusion part is associated to ∂aα, a heat diffusion (Fourier-) part
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to the gradient of β, and finally a viscosity term with the sym-
metric gradient tensor of the full four-vector ∂aβb. We also gain
one further term containing the gradient of the difference be-
tween ua and wa. The antisymmetry of the multiplier enforces
the antisymmetry of this velocity related gradient, therefore this
term we tag as ”vorticity”. We arrive at the following expres-
sion:

Σ = (nwa− ja)∂aα+(qa−hwa)(∂aβ+βu̇a)

+ (Πab−q(awb))∂aβb +q[bwa]
∂a(β(ub−wb))≥ 0. (28)

Here q(awb) and q[awb] denotes the symmetric and antisymmet-
ric parts of qawb respectively. (28) is the entropy production
rate without fixing the flow-frame. For a perfect fluid, charac-
terized by (15)-(16), the local entropy production is zero. Now it
is straightforward to identify thermodynamic fluxes and forces
and establish functional relationships, that are strictly linear in
the first approximation2:

Diffusive Thermal Viscous Vortical
Fluxes nwa− ja qa−hwa Πab−q(awb) q[bwa]

Forces ∇aα ∇aβ+βu̇a ∆(bc∇a)βc ∆[bc∇a](β(uc−wc))

Table 1. Thermodynamic fluxes and forces in a general flow
frame

Here ∇a =∆b
a∂b. The corresponding linear response relations

for isotropic continua are:

nwa− ja = D∇
a
α+σ(∇a

β+βu̇a), (29)
qa−hwa = σ∇

a
α+λ(∇a

β+βu̇a), (30)

Π
ab−q(awb) = ζ∆

ab
∂

c
βc +2η∆

〈bc
∇

a〉
βc, (31)

q[bwa] = χ∆
[bc

∇
a](β(uc−wc)). (32)

Here 〈〉 denotes the symmetric traceless part in the bracketed
indices, λ is the heat conduction coefficient, D is the diffusion
coefficient, σ is the Soret-Dufour coefficient of thermal diffu-
sion. ζ is the bulk viscosity, η is the shear viscosity, and χ is
the vortical viscosity coefficient. Because of the nonnegative
entropy production (28) the linear transport coefficients must
fulfill the following inequalities:

D≥ 0, λ≥ 0, λD−σ
2 ≥ 0, ζ≥ 0, η≥ 0, χ > 0. (33)

Here the first three inequalities are coupled channel conditions
for stability, while the last three are independent ones.

The procedure described here ensures the existence of a ho-
mogeneous flow field as a time independent solution of the
equations of motion of the fluid. That is why deviation from
local equilibrium is best characterized by gradients of the basic
fields in the first approximation.

In the following we study some important particular choices
for the flow-frame.

THERMOMETER FRAME

The thermometer or Jüttner frame is the natural choice in ki-
netic theory calculations. In this case the direction of βa defines
the flow-frame similarly to the natural frame in perfect fluids:

2Since dissipative fluxes are orthogonal to ua, only the projected gradient
terms, ∆a

b∂b, constitute thermodynamical forces.

β =
√
‖βbβa‖ and ua = βa/β. In this section we apply this def-

inition of the flow-frame. Then the local equilibrium relations
are:

s+αn−βh = 0, ds+αdn−βde = 0. (34)

The entropy current density, Ja satisfies

Ja +α ja−βqa = 0a, (35)

and the entropy production rate fulfills the inequality,

Σ =− ja
∂aα+qa(∂aβ+βu̇a)+βΠ

ab
∂aub ≥ 0. (36)

This form of the entropy production was derived originally
by Eckart restricting to the case ga = wa = 0.

Eckart identified the following thermodynamic fluxes and
forces

Diffusive Thermal Mechanical
Fluxes − ja qa βΠab

Forces ∇aα ∇aβ+βu̇a ∆(bc∇a)uc

Table 2. Thermodynamic fluxes and forces by Eckart.

Unfortunately in this case a generic instability occurs, the lin-
ear instability of the homogeneous equilibrium, as it was proved
by Hiscock and Lindblom in [14]. Nonnegative entropy produc-
tion is established only if considering the basic balance equa-
tions (for energy, momentum and further conserved Noether-
charges) as constraints. However, by deriving (36) the balance
of momentum does not enter the calculations. Therefore the
linear relation between the thermal part of the fluxes and forces
with the acceleration term, βu̇a, connects changes in these quan-
tities irrespective to the momentum balance equation (6). A cor-
rect treatment of thermodynamic forces and fluxes on the other
hand should introduce the momentum balance into the above
entropy production formula. A short calculation leads to:

Σ =
(n

h
qa− ja

)
∂aα− β

h
qa
(

q̇a +qa∂bub +qb
∂bua +∂bΠ

b
a

)
+ βΠ

ab
∂aub ≥ 0. (37)

This step makes an important difference with respect to stabil-
ity properties of the homogeneous equilibrium of a fluid. The
corresponding thermodynamic fluxes and forces in the Jüttner
frame are

Diffusive Thermal Mechanical
Fluxes n

h qa− ja −β

h qa βΠab

Forces ∇aα Xa = ∆abq̇b +qa∂bub +qb∂bua +∆ac∂bΠb
c ∆(bc∇a)uc

Table 3. Thermodynamic fluxes and forces in Jüttner frame
providing generic stability

Here Xa is a convenient abbreviation for the thermal force,
the thermodynamical force associated to the dissipative current
of the heat. Linear transport relations for isotropic continua in
the Jüttner frame can now be easily established:

n
h

qa− ja = D∇
a
α+σ Xa, (38)

−β

h
qa = σ∇

a
α+λXa, (39)

βΠ
ab = ζ∆

ab
∂cuc +2η∆

〈b
c ∇

a〉uc. (40)
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With this modification the generic stability of the theory in
Jüttner fframe is established: the heat transfer vector qa receives
a positive relaxation factor, β/hλ > 0. It is easy to realize that
by ignoring viscosity, component diffusion and cross effects, in
homogeneous equilibrium, where all spacelike projected gradi-
ents of the velocity field vanish, the only surviving term in the
thermal force is that with the total time derivative of the heat
vector:

λXa = λ∆
abq̇b =−

β

h
qa. (41)

Multiplied by qa this leads to a relaxation equation for the length
of the vector, Q =−qaqa as follows

Q̇ =−2
β

hλ
Q. (42)

This means a relaxation towards the qa = 0 value of the energy
current density.

An important property of these equations is the expected
generic statiblity of the homogeneous equilibrium. Without the
detailed calculations (to be shown elswhere) we want to empha-
size that the conditions of generic stability are purely thermody-
namic. Namely, it is fulfilled whenever the transport coefficients
λ, η̃ are nonnegative and the following inequalities for thermo-
dynamic stability i.e. the concavity of the entropy s(e,n,qa) are
satisfied:

∂eT > 0, ∂n
µ
T

> 0 ∂eT ∂n
µ
T
−
(

∂nT
T

)2

≥ 0. (43)

OTHER FLOW-FRAMES

The other flow frames can be conveniently defined in our
general framework.

The Eckart frame is defined by the direction of the particle
current density vector ua = Na/

√
‖NbNb‖. One realizes that in

case of dissipative fluids the Jüttner and Eckart frames do not
coincide.

In case of a Landau-Lifshitz frame the flow field is de-
fined by the direction of the momentum density vector ua =
ubT a

b /‖ucT d
c ‖, therefore qa = 0a. In case of dissipative fluids

the Jüttner and Landau-Lifshitz frames also do not coincide.
However, in the absence of qa, the thermodynamic relations are
similar to the ones in a Jüttner frame

s+αn−βh = 0, ds+αdn−βde = 0, ndα−hdβ−βdp = 0.
(44)

In principle there are several further possibilities of frame
fixing. One of them introduces wa = βa/h. This choice fixes
the velocity field compatible to some kinetic theory calculations
[24; 18].

Once a choice of the linear response has been made, one can
transform the description in one frame to the other. The differ-
ent transport coefficients are not equivalent, a constant invariant
coefficient may become flow-frame dependent in other frames.
Wether the primary flow-frame independent choice is preferred
or not requires further investigations.

SUMMARY

Thermodynamic relations in relativistic fluids adhore to flow-
frames, while dividing spacial homogeneous changes from the
forces enforcing this homogeneity. It is made transparent in
the train of thoughts from (18) to (23), where we calculated
entropy production separating comoving time derivatives and
spacial gradients. We have seen, that α, βa and p are flow-
frame independent. Then local equilibrium was postulated by
the thermodynamic relation (25), containing homogeneous ther-
modynamics. In [41], presenting a different reasoning, we have
shown that the different transformation formulas of the relativis-
tic temperature, due to Planck-Einstein, Blanus̆a-Ott, Landsberg
and Doppler, can be unified and reasonably explained in exactly
this thermodynamic framework.

We propose that the thermometer frame, defined in (10),
should be a preferred choice. In general βa can be divided into
parts orthogonal and parallel to the flow ua: βa = β(ua +wa),
where uawa = 0. We have revealed how far this choice differs
from the Eckart and Landau-Lifshitz frames. There are argu-
ments, that the widely used Landau-Lifshitz frame should be
perferred [10; 42]. However, these studies do not distinguish
the thermometer frame.

The entropy production in a general frame (28) helps to rec-
ognize

– that viscous pressure is damps the inhomogeneities in βa,
– that there are perfect fluids with zero entropy production
but ja/n = qa/h = wa 6= 0 and Πab = hwawb 6= 0,
– there is a vorticity related dissipative term.

Furthermore we have mentioned, that generic stability is prop-
erly derived if the momentum balance constraint is also consid-
ered in the calculation of the entropy production (36).

In our previous works we have shown further examples of
flow-frames. In [12; 17; 43; 41] the wa = qa/e case was ex-
plored and in [24] and [18] we have analyzed the kinetic theory
compatibility and thermodynamics when wa = qa/h. Thermo-
dynamic considerations show, that the coupling of the momen-
tum balance to the entropy production cannot be avoided [43].
It was proven independently of the Eckart or Landau-Lifshitz
frame for wa = qa/e in [17], for the wa = qa/h case a partial
proof was given in [18].
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[10] P. Kostädt and M. Liu. On the causality and stability of
the relativistic diffusion equation. Physical Reviews D,
62:023003, 2000.

[11] V. A. Cimmelli. On the causality requirement for
diffusive-hyperbolic systems in non-equilibrium thermo-
dynamics. Journal of Non-Equilibrium Thermodynamics,
29(2):125–139, 2004.
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INT RODUCTION 

The energy requirement of industry is supplied mainly by 
fossil and nuclear fuels. According to New Policies Scenario, 
global primary energy demand rises by over one-third in the 
period to 2035. Oil demand reaches 99.7 mb/d in 2035, up from 
87.4 mb/d in 2011. Coal demand rises by 21% and natural gas 
by a remarkable 50%. Renewables are deployed rapidly, 
particularly in the power sector, where their share of generation 
increases from around 20% today to 31%. Growth in nuclear 
power is revised down relative to our previous projections, in 
large part due to policy moves following Fukushima Daiichi. 
These trends call for $37 trillion of investment in the world’s 
energy supply infrastructure to 2035. All those projections 
show that energy demand is growing up by coming years 
besides policy makers confronted with the twin challenges of 
ensuring reliable and affordable energy supplies and dealing 
with climate change have consistently identified energy 
efficiency as an essential means of moving to a more 
sustainable energy future. Energy and economic analysis point 
to the same conclusion: improving energy efficiency in 
energy-importing countries reduces import needs or slows their 
growth; measures can be implemented quickly compared with 
often lengthy projects to expand production; it is among the 
cheapest of the large-scale carbon dioxide (CO2) abatement 
options; and it can play a role in spurring economic growth and 
reducing energy bills, both of particular importance during this 
period of economic uncertainty and persistently high energy 
prices [1]. 

For this reason, the studies on alternative energy resources 
and new techniques in order to utilize the energy resources 
more efficiently have increased. The optimization of energy 
conversion systems becomes one of the most important subjects 
in the industry. Engineers and scientists dealing with the design 

and operation of an energy conversion system want to improve 
or optimize it by maximizing efficiency, and minimizing 
product cost and environmental impact associated with this 
plant [2]. In order to optimize such systems, firstly the real 
mechanism should be understood according to which 
thermodynamic inefficiencies, costs, and environmental 
impacts are formed within the system. 

In 2011 all major energy-consuming countries introduced 
new legislation on energy efficiency, making provisions for a 
16% reduction in energy intensity by 2015 in China, new 
fuel-economy standards in the United States and a cut of 20% in 
energy demand in the European Union in 2020. Japan also aims 
to achieve a 10% reduction in electricity demand by 2030 in its 
new energy strategy. Implementation of those policies and of 
those under discussion in many other countries, at the level 
assumed in our New Policies Scenario, would result in annual 
improvements in energy intensity of 1.8% over 2010-2035, a 
very significant increase compared with 1.0% per year achieved 
over 1980-2010. In the absence of those gains, global energy 
demand in 2010 would have been 35% higher, almost 
equivalent to the combined energy use of the United States and 
China. According to the New Policies Scenario of WEO 2012, 
efficiency accounts for about 70% of the reduction in projected 
global energy demand in 2035, compared with the Current 
Policies Scenario [3]. 

The performance of energy conversion systems is reduced 
by the presence of irreversibilities. Entropy is used as a 
quantitative measure of irreversibilities associated with a 
process, and can also be used to determine the performance of 
process and its equipment. For this purpose a technique called 
exergy analysis is used. Exergy analysis is a thermodynamic 
tool for assessing and improving the efficiency of processes and 
their equipment, and for increasing environmental and 
economic performance. The exergy analysis is used to identify 
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ABSTRACT 
Petkim Petrochemical Inc. is one of the most important companies in Turkey. The Petkim Complex consists of 14 production 
plants and 7 utility plants to supply the production plants. Petrochemical processing has a high energy requirement, especially 
plants with the complex technology that is used at the Petkim Complex. This means that Petkim is a large energy consumer, with 
a total consumption of 913.000 TEO in 2009.  
Following privatization of Petkim in 2008, an energy management system was introduced and several energy saving studies were 
initiated. In 2012, after implementation of energy saving projects, the energy consumption at Petkim was 813.000 TOE. This 
means that from 2009 to 2012, there was a reduction of 100.000 TEO, which is equal to a financial saving 50.8 M USD, and 
represents a saving 232.000 tons CO2e. 
To enable the Power Plant efficiencies in Petkim complex to be improved, the advanced exergetic analysis of the system were 
studied on some what-if scenarios which were studied by using simulation and optimisation software. In this article, how steam 
turbine operations were optimized will be explained in detail and the results of the advanced exergetic analysis will be given. 
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the location, the magnitude, and the causes of thermodynamic 
inefficiencies in systems, which are exergy loss and exergy 
destruction [2]. The sum of exergy destruction and exergy loss 
within an energy conversion system represents the real 
thermodynamic inefficiencies of this system. The exergy loss in 
a component is caused by the transfer of thermal exergy to the 
environment. When the boundaries for the component analysis 
are drawn at the ambient temperature, the exergy loss is zero 
and the thermodynamic inefficiencies consist exclusively of 
exergy destruction [3]. 

The exergy destruction is caused chemical reaction, heat 
transfer, mixing of matter at different compositions or states, 
unrestrained expansion, and friction. At any given state of 
technological development, some exergy destruction within a 
system component will always be unavoidable due to physical 
and economic constraints [4]. 

A conventional exergetic analysis does not evaluate the 
mutual independencies among the system components nor the 
potential for improving a component [2]. This can be achieved 
by an advanced analysis, in which the exergy destruction in 
each component is split into endogenous and exogenous parts; 
also avoidable and unavoidable parts, and a combination of 
these two splitting approaches. Such an approach can provide 
an energy conversion system with valuable detailed information 
in order improve the overall efficiency of a system. 

After investments of plants in Petkim, power generation and 
utility operations in the petrochemical complex had had a 
complicated structure. Optimisation of the big sized and 
complicated power generation operations was getting higher 
importance. 

After investments of plants in Petkim, power generation and 
utility operations in the petrochemical complex had had a 
complicated structure.  

 
 

Optimisation of the big sized and complicated power 
generation operations was getting higher importance. It was 
really too important to monitor and to optimise the energy 
consumption and power generation operations in order to 
perform energy saving studies. By optimising energy 
consumption of the complex continuously it is possible to save 
2 – 5 % of energy consumption of the complex. 

In this study advanced exergy analysis of the steam turbines 
which are running in the power plant of a petrochemical 
complex, operations optimisation was performed. At the initial 
state two backpressure turbines having 64 MW power output 
each, and two condensing turbines having 20 and 22 MW 
power outputs were running in the power plant. After making 
some what – if scenarios by using HSPO (Heat – Steam – 
Power – Optimisation software), one of the backpressure steam 
turbine was shut down. What – if study and the exergy analysis 
results will be examined in coming section. 

 
POWER PLANT 

 
Petkim has its own Power Plant to generate steam at different 

pressure and temperature levels and electricity to use its 
processes. There are 4 steam boilers having 350 tons/h capacity 
to generate XHS (extra high pressure steam) and two 
backpressure turbines to generate HS (high pressure steam), 
MS (medium pressure steam), and LS (low pressure steam) and 
electricity and two condensing turbines for electricity 
generation using LS. Depending on the complex demand steam 
and electricity generation is changed. 420.000 TOE fuel is 
consumed annually to produce 4.400.000 tons XHS and 
920.000 MW electricity in the Power Plant. Steam and power 
system have a dynamic structure and it brings on to optimize the 
generation and consumption of the complex. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
Figure 1. General Scheme of the Steam and Power Generation 
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Fuel oil, natural gas, fuel gas, aromatic oil, hydrogen and 

ethylene oxide plant vent gas are used as primary energy 
sources to produce XHS and electricity in Petkim Power Plant. 
It has 4 steam boilers (B1, B2, B3, and B4) having maximum 
capacity of 350 tons/h XHS; two backpressure turbines (TG2, 
and TG3) having 64 MWh capacity for each; two condensing 
turbines having capacity of 20 MWh (TG1) and 22 MWh 
(TG4); and one gas turbine (TG5) having capacity of 58 MWh, 
(Figure 1). 500 t/h steam and 130 MWh electricity is used by 
plants. There are five main steam levels which are using by 
plants in the complex given in Table 1. 

 
Table 1. Steam Levels Generated by Power Plant 
 
STEAM 
LEVELS 

PRESSURE 
(kg/cm²g) TEMPERATURE ( ⁰⁰⁰⁰C) 

XHS 134 540 

HHS 84 310 

HS 42 390 

MS 18 300 

LS 5.5 190 

 

WHAT – IF STUDY  

Electricity is generated by passing XHS trough backpressure 
turbines and HS, MS, and LS which are used in processes are 
taken from different sections of each turbine. For supplying the 
complex demand for steam and electricity at least three boilers, 
two backpressure turbines and two condensing turbines had 
been running. Depending on the complex demand steam and 
electricity generation is changed. By performing what – if 
scenario by using HSPO software, it was seen that instead of 
two running backpressure turbines at lower loads, one 
backpressure turbine at higher loads and one condensing 
turbine could be supply the complex demand. All analysis 
showed that three boilers, one backpressure turbine, and one 
condensing turbine could be supplied the complex demand for 
steam and electricity without any disturbances on the system 
and complex.  

 
Table 2. What – if Scenario Complex Application Results 
 

 TG2 TG3 Total Difference 

XHS 
Consumption 
of Turbines 

(tons/h) 

Before 
Application 

279 188 467 

-11(tons/h) 

After 
Application 

456 0 456 

Power 
Generation 

(MW) 

Before 
Application 

26 15 41 

+12 (MW) 

After 
Application 

53 0 53 

At the beginning the capacity of the backpressure turbines 
were 35 – 45% and this caused big losses in efficiency. To 
prevent this, one of the back pressure turbine was stopped and 
other backpressure turbine was loaded twice than before. At 
this condition the running backpressure turbine is run 80 – 90% 
of its capacity. The what – if scenario was studied in software 
firstly and then it was applied in the complex gave results that 
XHS consumption was decreased by 11 tons/h and the 
electricity generation was increased by 12 MWh as seen in 
Table 2. 
 

EXERGY ANALYSIS 

Exergy of a thermodynamic system is the maximum 
theoretical useful work (shaft work or electrical work) 
obtainable as the system is brought into complete 
thermodynamic equilibrium with the thermodynamic 
environment while the system interacts with this environment 
only. [5] A conventional exergy analysis can highlight the main 
components having high thermodynamic inefficiencies, but 
cannot consider the interactions among components or the true 
potential for the improvement of each component. By splitting 
the exergy destruction into endogenous/exogenous and 
avoidable/unavoidable parts, the advanced exergy analysis is 
capable of providing additional information to conventional 
exergy analysis for improving the design and operation of 
energy conversion systems [6]. 

 
Like mass, energy, and entropy, exergy is an extensive 
property, so it too can be transferred into or out of a control 
volume where streams of matter enter and exit. The general 
form of such exergy transfer can be expressed as: 

 

(1) 

The first term denotes rate of exergy change, the term  
denotes rate of exergy destruction and the rest of the terms on 
the right side of the equation denote rates of exergy transfer. 

In the absence of nuclear, magnetic, electrical, and surface 
tension effects the total exergy of a system E can be expressed 
as: 

   (2) 

where  is physical exergy,  is kinetic exergy,  is 
potential exergy, and  is chemical exergy. 

The physical exergy can be expressed as: 

 (3) 

Where , , and  denote, respectively, the internal energy, 
volume, and entropy of the specified state, and , , and  
are the values of the same properties when the system is at the 
restricted dead state. 

The chemical exergy per mole of mixture is, 
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  (4) 

and  is the mole fraction of gas k in the environmental gas 
phase and  is the chemical exergy per mole of kth 
component. 

Exergy rate balance at steady – state can be expressed as: 

    (5) 

where  denotes exergy rate at the inlet,  denotes exergy 

rate at the outlet,  denotes exergy destruction, and  
denotes exergy loss. 

The exergetic efficiency  is the ratio between product and fuel 
and is expressed as [7]: 

    (6) 

RESULTS 

In this paper the advanced exergy analysis of the steam 
turbine operations optimisation were studied. Firstly the what – 
if analysis of the turbine operations were examined and then the 
action which was defined in the what – if scenario was applied 
to Power Generation in the complex. According to the scenario 
applied one of the bakpressure turbine TG2 and one of the 
condensing turbine TG4 had been shut down. Before the 
application HS only was taken from TG2 and this amount of HS 
could be supplied to complex HS demand. So, before 
application there was no HS section data to calculate exergy 
and efficiency of the HS section of TG3. After application HS is 
started to be taken from TG3. Before and after application of 
the scenario the exergetic efficiency of the backpressure 
turbines and condensing turbines had been calculated and all 
results are given in Table 3. It is clear that for backpressure 
turbine operation all efficiencies of the turbine sections was 
incresed at least 5%. 
 
Table 3. Exegy and Efficiency Results of the Steam Turbines 
Operation 

 

  Before Application After Application 

  
Exergy 
( kW) 

Efficiency 
% 

Exergy 
( kW) 

Efficiency 
% 

TG1 13591.9 70.3 24838.4 52.7 

TG2-HS 4122.3 85.3   

TG2-MS 9031.6 80.6   

TG2-LS 33139.9 79.0   

TG3-HS   5457.8 80.3 

TG3-MS 10228.5 77.1 21600.7 82.5 

TG3-LS 30456.6 68.1 51781.6 75.4 

TG4 16091.9 43.8   

 
 

 

NOMENCLATURE 
 

Symbol Quantity SI Unit 
   
XHS 
 
HHS 
 
HS 
 
MS 
 
LS 
 
TOE 
 
HSPO 
 
 
B1, B2, 
B3, B4 
TG2, TG3 
 
TG1, TG4 
 
TG5 
ED 
 
E 
 
EPH 

E
KN 

EPT 

ECH 

U 
V 
S 
U0 
 
 
V0 
 
 
S0 
 
 

 

 
 
 

 
 
 
 

 
 
 

 
 

 
 

 
 

 
 

Extra High Pressure 
Steam 
High High Pressure 
Steam 
High Pressure 
Steam 
Medium Pressure 
Steam 
Low Pressure 
Steam 
Tonnes Oil 
Equivalent 
Heat – Staem – 
Power – 
Optimisation 
Boilers 
 
Backpressure 
Turbines 
Condensing 
Turbines 
Gas Turbine 
Rate of Exergy 
Destruction 
The Total Exergy 
of A System 
Physical Exergy 
Kinetic Exergy 
Potential Exergy 
Chemical Exergy 
The Internal Energy 
Volume 
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State 
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Phase 
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Exergy Per Mole of 
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Inlet 
Exergy Rate at the 
Outlet 
Exergy Destruction 
Exergy Loss 
The Exergetic 
Efficiency 
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- 
 
- 
 
- 
 
 
- 
 
- 
 
- 
 
 
kj/kmol 
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kj/kmol 
kj/kmol 
kj/kmol 
kj/kmol 
m3 
kj/kmolK 
kj/kmol 
 
 
m3 

 
 
kj/kmolK 
 
 
 
kj/kmol 
 
 
- 
 
 
 
kj/kmol 
 
 
MW 
 
MW 
 
MW 
 
MW 
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INTRODUCTION 

Phase diagrams assessment is an actual part of modern 

theoretical materials science. Most of modern programs for 

calculating multicomponent diagrams are based on the 

conditional minimization of Gibbs energy of the system. The 

sensitivity of this method to the initial approximation and to 

features of used minimization algorithm significantly 

complicates its practical application. Such situation makes a 

development of alternative methods for phase equilibria 

assessment, e.g. geometric, an actual problem. A rather new 

convex hull method belongs to them. 

The convex hull method is based on the fact that 

equilibrium Gibbs energy (G) surface of the system in 

extensive thermodynamic coordinates (e.g. amounts of 

components ni, volume V, etc.) is the convex hull of G 

functions of all set of phases. It has a number of advantages: 

doesn’t require specifying initial conditions, applicable for 

wide range of thermodynamic models, doesn’t use explicit 

minimization of thermodynamic potentials [1]. It should be 

noted that convex hull method allows direct calculations of 

phase diagrams in extensive variables only (ni, volume V, 

etc.). 

For isobaric-isothermal sections of ternary systems this 

method is implemented in the TernAPI program developed at 

the Laboratory of Chemical Thermodynamics of MSU 

Chemistry Department [2]. However in the practical, e.g. 

industrial, applications an assessment and visualization of 

polythermal sections and surfaces (i.e. diagrams in extensive 

coordinates that cannot be obtained by the convex hull 

method directly) are often required. 

So the technique of making polythermal sections of ternary 

phase diagrams using convex hull method was suggested and 

implemented into TernAPI package. 

POLYTHERMAL SECTIONS CONSTRUCTION 

METHOD 

The proposed method of polythermal sections construction 

is based on the assessment of the p,T-sections set within 

specified range of temperatures with their subsequent analysis 

and consists of the next steps: 

(1) The set of phase diagram p,T-sections in the temperature 

range from Tmin to Tmax  with user defined step ΔТ is 

constructed. All sections have the same resolution in 

components molar fractions coordinates (x2, x3). 

(2) The cutting plane parallel to T axis and intersecting AB 

(A and B are the points inside the Gibbs-Rosebom 

triangle) interval in each composition triangle is plotted. 

(3) The rasterization of each p,T-section obtained in item 1 

is carried out. Points situated on the interval AB are 

selected from each rasterized section. Phase composition 

of every point is stored in the matrix, in which every row 

corresponds to one temperature Ti and a column – to a 

definite composition ξi. 

(4) Based on the matrix from item 3 coordinates of 

boundaries between diagram areas are determined. 

(5) Using obtained data array the phase diagram 

polythermal section in the T-ξ coordinates (temperature-

composition) is plotted. 

 

Suggested algorithm is implemented as the computer 

program in MATLAB programming language and uses the 

TernAPI kernel to calculate single p,T-sections. It comprise 

four modules – PolyTSection, CalcPolyTDiagram, 

BuildPolyTSection and ShowPolyTSection, which perform 

next functions: 
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suggested. It is based on p,T-sections set calculation in the needed temperature interval with step between them depending on 

required accuracy and its subsequent analysis. Improvements of existing technique of ternary isobaric-isothermal sections 

construction implemented in TernAPI software complex also have been proposed and successfully tested. Suggested 

modifications improve reliability of diagram regions discrimination near the singular points such as eutectic or peritectic and 

greatly increase the performance of p,T-sections construction. Polythermal sections of Au-Bi-Sb, Al-Mg-Zn, LiF-LiCl-LiI and 

another ternary systems have been calculated. 

563



 

(1) First one (PolyTSection) is designed to setup user input 

data (path to the source file with information about 

system, temperature interval for section calculation, 

composition and temperature step, geometrical 

parameters of required polythermal section) and to call 

other three modules. 

(2) Second one (CalcPolyTDiagram) calculates the set of 

p,T-sections and determines phase composition and 

boundaries inside each of them. 

(3) Third module (BuildPolyTSection) performes 

rasterization of each p,T-section and builds up the matrix 

as described in item 3 of algorithm, then receives 

information about boundaries of diagram phase fields 

from previous module. 

(4) Last one (ShowPolyTSection) makes graphical 

construction of obtained polythermal section. 

 

Such modularization was made to divide the procedure of 

p,T-sections calculations and their analysis as well as to 

facilitate further modernization, addition of another 

functionality and integration with TernAPI.  

It should be emphasized that quality of built polythermal 

section is essentially depends on defined temperature step ΔТ. 

It was emerged during program testing that optimal value of 

ΔТ is about 1% of temperature interval for diagram 

construction. Such ΔТ allows to find adequately most of 

existing phase fields of section and make the representation of 

obtained T-x-diagrams in a user-friendly style. 

Concerning operating time of the algorithm we can say that 

primary rate-controlling factor is the calculation of the 

isobaric-isothermal sections set. Depending on temperature 

and composition step it can take from a few minutes to hours 

on modern personal computer and amount to about 80% of 

program working time, where almost 2/3 of calculation time 

goes to the construction of convex hull and the remainder – to 

the determination of their phase compositions and boundaries. 

Remaining availability is taken be construction of the final T-

x-diagram (usually 5-60 seconds). Therefore we recommend 

begin with calculation and saving the set of p,T-sections for 

chosen system to improve the time for construction of 

arbitrary polythermal section loading it from outside. 

Suggested algorithm tested on the next groups of systems: 

(1) Systems with ternary eutectic (model, LiF-LiCl-LiI etc.) 

(2) Systems with splitting solutions (model, CdTe-HgTe-

ZnTe, Au-Pt-Pd etc.) 

(3) Systems with a large number of phases with non-

permanent composition (Au-Bi-Sb, Al-Mg-Zn etc.) 

 

An agreement between calculated diagrams and literature 

data confirms the applicability of the developed technique of 

polythermal sections assessment for a wide range of ternary 

systems. As an example the comparison between calculated 

and reference sections of ternary Au-Bi-Sb diagram with is 

shown on the Figure 1. Model descriptions for all phases in 

this system were taken from [3] and reference plotted 

polythermal section was taken from [4]. As can be seen 

calculated polythermal section contains phase fields 

boundaries of different colors. The reason for that will be 

described below. 

During the algorithm testing a necessity to upgrade 

TernAPI program for improving accuracy in determination of 

phase boundaries around singular points of phase diagram 

(eutectic, peritectic, critical points etc.) was clearly shown. 

 
 

a) 

 

b) 

 

Figure 1. Polythermal section of Au-Bi-Sb phase diagram 

with constant molar fraction of Bi xBi = 0.2: a – from [4], b – 

calculated using suggested algorithm. 

 

 

a) 

 

b) 

 

Figure 2. Polythermal section of LiF-LiCl-LiI phase 

diagram (0.9;0)-(0;0.5). Coordinates are given as (x2
start

;  

x3
start

)-(x2
final

; x3
final

). a – first version of program, b – 

calculated using refined algorithm. 
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 To illustrate this an arbitrary polythermal section in the 

ternary LiF-LiCl-LiI diagram is shown on Figure 2a. Model 

description for this system was taken from [5] and [6]. One 

can see the splitting of one whole two-phase region L+LiCl 

into two due to “wedging” between them of narrow two-phase 

band L+LiF. Such inaccuracy is caused by the problems of 

discrimination between three- and two-phase diagram regions. 

As can be seen on the Figure 3, narrow three-phase triangle 

near the eutectic point is incorrectly recognized as two-phase. 

Such error distorts the view of polythermal section; it is 

caused by the convex hull projection analysis algorithm 

features (which is based on geometrical principles) used in 

TernAPI.  

 It can be avoided by decreasing composition step that 

results in increasing of the section calculation and 

visualization time. Another possible way is in comparing two 

p,T-sections differed form each other by the value of ΔT in 

temperature with further recognition and automatic repairing 

the “artefacts”, but this method takes additional investigations 

and significant sophistication of the algorithm. We used 

different approach. 

This one and other corrections of algorithm 

implementation drawbacks mentioned above are described in 

the next section of this article. 

ALGORITHM REFINEMENT 

In the new version of algorithm some its parts were 

significantly improved. The most important features are the 

follows: 

(1) Inaccuracy in determination of phase boundaries around 

singular points of phase diagram was eliminated by the 

modification of TernAPI kernel. 

(2) Combining of single points dividing phase diagrams into 

a solid lines of phase boundaries was added. 

(3) Time of polythermal section construction from 

precalculated set of p,T-sections was reduced to one-

tenth as much (now it is less than 10 sec on a typical 

modern personal computer).  

 

 Elimination of errors in phase boundaries determination 

near singular points was achieved by addition of extra 

procedure of phase number assessment inside the triangles of 

the convex hull projection to the (x2, x3) plane. It was made by 

the modification of TernAPI kernel. Old version of algorithm 

includes only one method of its assessment based on 

geometrical properties of the triangles [2]. Extra procedure 

contains two steps: 

(1) Calculate number of phases by counting the number of 

Gibbs energy functions (points, lines, surfaces) touched 

by the triangle. 

(2) Use obtained number of phases if it is greater that 

calculated by the geometrical method 

In this technique geometrical method allows to detect 

miscibility gaps generated by the one phase (e.g. liquid) and 

non-geometrical method can discriminate between three and 

two-phase region near such singular points as eutectic and 

peritectic. 

New feature of program to determine phase regions 

boundaries not as dotted but solid improves the visual 

appearance of phase diagrams and makes its automatic 

analysis easier (e.g. during thermodynamic model parameters 

optimization based on an experimental data set). It can be 

seen on Figures 2b and 3b, where boundaries dividing 

different fields nave distinct colours. Comparing Figures 3a 

and 3b one can see also developments of the algorithm in 

second version vs first one.  

Algorithm performance improvement was achieved by 

means of program code optimization that includes MATLAB 

code refactoring and rewriting of its critical parts (from the 

viewpoint of performance) to the C programming language.  

Comparison of two program versions performance is shown 

in the Table 1. 

 

Table 1. Comparison of the algorithm performance before 

and after optimization. 

 

Section assessment 

stage 

Time elapsed, relative units
a
 

Before 

optimization 

After 

optimization 

Convex hulls 

construction 
1 1 

p,T-sections 

analysis 
0.64 0.42 

Polythermal section 

construction 
0.05 0.0035 

a “Relative unit” is time elapsed on the convex hull construction 

that was not changed after optimization 

 
 

 

 
 

Figure 3. Calculated isothermal sections of LiF-LiCl-LiI 

phase diagram at: a – 779 K, b – 771 K, c – 765 K. 

 

a) 

b) 

c) 
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DISCUSSION OF THE RESULTS 

The algorithm of ternary systems polythermal sections 

calculation has been proposed and refined in the present work; 

and its efficiency and robustness during testing was clearly 

shown. Its key feature is preliminary calculation of p,T-

sections array by the convex hull method with the fixed step 

ΔT between them. Although such procedure requires a lot of 

time (about 5-60 minutes on the modern personal computers) 

it allows further rapid (in several seconds) polythermal 

section construction that can be useful for the phase diagram 

exploration. The process of calculation can be easily 

parallelized on the multicore/multiprocessor computer. 

Obtained p,T-sections array also makes possible a fast 

visualization of three-dimensional boundaries (i.e. surfaces) 

between regions of polythermal phase diagram (e.g. liquidus 

or solidus surface). 

The geometrical approach that is the basis of the developed 

algorithm (see “polythermal sections construction method” 

section) can be generalized to the isothermal and polythermal 

sections of the multicomponent systems (e.g. quaternary). 

Another way of improvement is the minimization of convex 

hull construction elapsed time. It may be achieved by an 

adaptation of existing convex hull building algorithms for a 

phase diagram assessment task. For the case of binary systems 

such approach been described in the literature [7]. 

CONCLUSIONS 

In the present work an effective algorithm for the ternary 

phase diagrams polythermal sections assessment based on the 

convex hull method has been proposed and successfully 

tested. Although it’s significantly slower than the algorithms 

based on the Gibbs energy minimization in the case of single 

polythermal section calculation, it has an important advantage 

over it: after assessment of one polythermal section the next 

ones can be obtained almost instantly. 

Possible ways of further development of the proposed 

algorithm are its generalization for the multicomponent 

system case and increasing its performance by the 

optimization of p,T-sections array assessment. 
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NOMENCLATURE 

Symbol Quantity SI Unit 

   

G Gibbs energy J·mol
-1

 

ni Amount of i-th component mol 

V Volume m
3
 

p Pressure bar 

T Temperature K 

xi Mole fraction of i-th component  

ξ, y Coordinate on section line 

proportional to mixture 

composition 
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INTRODUCTION 

Since the low dimensional behaviours of the thermoelectric 

materials are different than the bulk ones, higher 

thermoelectric efficiencies can be achieved by using low 

dimensional structures like quantum wells, wires and dots  

[1-3]. The conversion efficiency of thermoelectric devices 

depends on the properties of the materials and determined by 

the well known figure of merit relation, 2SZ  , where 

S is the Seebeck coefficient,   is the electrical conductivity 

and  is the thermal conductivity. Since the all variables in 

the figure of merit relation are dependent,   they adversely 

affect each other so that the figure of merit does not vary 

significantly for the bulk thermoelectric materials. However, 

in the literature, it is proposed that quantum confinement 

plays an important role to enhance the figure of merit by 

using low dimensional nanostructures [4-8]. 

  

In contrast to the macroscopic approaches, transport 

properties of materials become size and shape dependent 

when the domain size is comparable to the characteristic 

length scale of the problem. Therefore, size and shape of the 

system are considered as additional control parameters on 

transport properties of nanoscale devices [9, 10]. In 

sufficiently small structures, the wave character of particles 

significantly changes the transport properties by modifying 

probability density distribution, the smallest values of the 

momentum components and momentum spectrum of particles 

[9, 11].  Some contributions arise when the thermal de Broglie 

wavelength of particles are not negligible in comparison with 

the size of the domain. These contributions are called as 

quantum size effects (QSE) in general [9, 11].  

 

In the calculations here, free electrons in the conduction 

band of conductors and semi-conductors are considered as an 

ideal Fermi gas and Seebeck coefficient is analytically 

derived by considering QSE. Through the confinement, sizes 

of the domain are smaller than the mean free path of the 

particles but equal to or greater than the thermal de Broglie 

wave length. Therefore conventional definitions of particle 

flux and transport coefficients are used. Dependencies of 

Seebeck coefficient on domain size and quantum degeneracy 

are investigated. Particle flux equation is derived in terms of 

external potential, chemical potential and temperature 

gradients. Relaxation time approximation is used to obtain 

non-equilibrium distribution function. Furthermore, relaxation 

time is assumed to be equal to the inverse of the collision 

frequencies of the particles. The summations inside the 

particle flux expression are replaced by the Poisson 

summation formula to consider QSE. Since the system size in 

at least one direction is comparable to the thermal de Broglie 

wavelength, the contribution of zero correction term of the 

Poisson summation formula is included. On the other hand, 

discreetness correction term is neglected since all the sizes are 

equal to or larger than the thermal de Broglie wavelength of 

particles. In order to obtain an analytically solvable problem, 

rectangular domain geometry is considered. 

DERIVATION OF PARTICLE FLUX AND SEEBECK 

COEFFICIENT 

Transport domain is a rectangular structure with 

dimensions of zyx LLL ,,  and the domain is strongly confined 

through the direction x. The particle flux in direction x is 

written as, 

 

fvJ
ijk

xwx  ,
N      (1) 
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where xwv , is the x component of velocity of the carrier at 

quantum state w  and f  is non-equilibrium distribution 

function. The equilibrium distribution function for Fermi-

Dirac statistics is given by, 

 

   1exp

11

b
0




TkV
f

w 
   (2) 

 

where w  is the translational energy of the carriers,   is the 

chemical potential, T is temperature, V is the domain volume, 

bk  is the Boltzmann’s constant. Under the relaxation time 

approximation, the non-equilibrium distribution function in 

direction x can be determined as, 

 

x

f
vff xw




 0

,0      (3) 

 

where   is the relaxation time which is expressed by using 

the particle-boundary mean free path (geometric mean free 

path, Lg=V/2A where A is the surface area of the domain) and 

the particle velocity v as   vLv g . Inserting Eq.(3) into 

Eq.(1), the particle flux in direction x for the particle-

boundary collision dominated transport is derived as [9, 12], 

    

 T
x

T
xx FgFg

m

Tk

TVk

L
J 20

21

b

b

gN 2









    (4) 

 

where   T
xx

T
x FTkFF b   and m is the mass of the 

carrier. Driving forces are defined by the gradients of the 

chemical and electrical (electrochemical) potentials and 

temperature as  xxFx   ,  xTkF b
T
x   

respectively. In Equation.(4), g function is a dimensionless 

quantity given by, 
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  (5) 

 

where   TkB bww    [9, 12]. By using the parabolic 

dispersion relation, translational kinetic energy of the particles 

is easily written as, 
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where i,j,k=1,2,3…  . By using Eq.(6), Tkbw is written 

as, 

 

     222
kji

TkTk
zyx

b

ijk

b

w 


   (7) 

where xcx LL , ycy LL , zcz LL  and the length 

TmkhL bc 8  is half of the most probable de Broglie 

wavelength of the particles.  

 In macroscale, sums may be replaced by integrals with a 

negligible error. However, since the system size approachs to 

thermal de Broglie wavelength at nanoscale this replacement  

causes a considerable error. Therefore, instead of replacing 

sum with an integral, Poisson summation formula is used to 

have more accurate result to calculate the sum in Eq.(5). For 

an even function, Poisson summation formula is written in the 

form of, 
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where the first term is the bulk term, the second term is the 

zero correction term which is important when the system size 

approach to the thermal de Broglie wavelength, and the third 

term is the discreteness correction term. Although it is 

possible to calculate sums exactly with Poisson summation 

formula, the third term of the Poisson summation formula is 

negligible compared with the others since the domain sizes 

here are always larger than the thermal de Brolie wavelength 

[9]. Inserting Eq.(7) into Eq.(5) and by using Poisson 

summation formula given in Eq.(8), ga function is analytically 

obtained as, 

 

 

 








































 









 












 









 














 










2

2

2

2

2

2

1

2

2

2

4

2

2

2

3

2

4

2

3

4

3
1

2

4

3

2

a

a

xzzyyx

a

a

zyx

a
zyx

a

Li
a

Li
a

Li
a

Li
a

Li
a

g











 (9) 

 

where  is Gamma function and Lin is the Polylogaritm 

function with the degree of n and argument of )exp( bTk . 

In Eq.(9), the first term is the bulk term which could be 

obtained by replacing sum with the integral and the other 

terms in the square bracket come from the second term of 

Poisson summation formula and arise due to wave character 

of particles. Inserting Eq.(9) into Eq.(4), size dependent 

particle flux is obtained. It is clear that the size dependency of 

particle flux appears for the confined directions only since the 

value of   is zero for other directions. 

 

 Seebeck coefficient is defined as the ratio of the 

electrochemical gradient to temperature gradient under zero 

particle flux condition and given by, 

 

0
















NJ

T
x

xb

F

F

q

k
S



 (10) 

where q is the charge of the particle. By using Eqs.(9) and 

(10), Seebeck coefficient is obtained in term of ga function as, 
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where Tkb  .  
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RESULTS 

 To show the deviations from the macroscopic picture, 

Seebeck coefficients derived with and without QSE (S and So) 

versus dimensionless chemical potential are plotted for a 

Fermi gas in Fig.1. Transport domain is confined only in x 

direction  1,0  xzy  . 
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Fig.1: Variation of S and So with Tkb . 

 

Fig.1 shows that increasing chemical potential (increasing 

degeneracy) decreases the contribution of the quantum size 

effects on Seebeck coefficient due to decreasing of mean de 

Broglie wave length. Therefore the difference between the 

curves becomes smaller for the higher values of  . The 

dimensionless form of the Seebeck coefficient is defined by 

dividing S  to So and given by,  

 

 
oS

S
S 
~

     (12) 

 

In Fig.2, S
~

 versus   is given for different values of domain 

size in x direction. The results show that QSE cause a 

significant improvement (as high as %30) on Seebeck 

coefficient when the system size approaches to thermal de 

Broglie wave length, ( 1x ). Variation of quantum size 

effects with dimensionless chemical potential shows that there 

is a maximum value for S
~

 which increases with decreasing 

system size or increasing de Broglie wavelength. 

 

 

 

10 5 0 5 10

0.9

1.0

1.1

1.2

1.3

 
 

 

Fig.2: Variation of S
~

 with   for different values of x . 

In Fig.3, variation of the maximum value of dimensionless 

Seebeck coefficient with dimensionless inverse scale factor in 

x direction is given. The effect of domain size on Seebeck 

coefficient is clearly seen. It is possible to improve Seebeck 

coefficient only by decreasing the domain size without 

making any change in the composition of the material. 

Therefore, size itself becomes a control parameter on material 

properties. This is due to the transition from bulk to quantum 

well behavior. Similarly, size itself play an important role 

during the transition from quantum well to quantum wire and 

from quantum wire to quantum dot behaviors.  
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Fig.3: Variation of maximum dimensionless Seebeck 

coefficient with x  for 0 zy  . 

 

 

NOMENCLATURE 

Symbol Quantity SI Unit 

   

A Surface area of the domain m
2 

f  Nonequilibrium distribution 

function 
dimensionless 

0f  Equilibrium distribution 

function 
dimensionless 


xF  Driving force due to 

electrochemical potential 

gradient 

mJ /  

T
xF  Driving force due to 

temperature gradient 
mJ /  

 h Planck’s constant sJ  

 i,j,k Quantum numbers dimensionless 

bk  Boltzman’s constant KJ /  

cL  Half of the most probable de 

Broglie wave length 
m 

gL  Geometric mean free path m 

 Li Polylogarithm function dimensionless 

zyx LLL ,,  Sizes of domain m 

 m Mass of particle kg 

 q Charge of particle C 

 S Seebeck coefficient KV /  

S
~

 Dimensionless Seebeck 

coefficient 
dimensionless 

oS  Seebeck coefficient without 

QSE 
KV /  

max

~
S  Dimensionless maximum 

Seebeck coefficient 
dimensionless 

 T Temperature K 

Dimensionless  

chemical potential ( ) 
 

Seebeck 

Coefficient, S  KμV  

Dimensionless  

chemical potential ( ) 

   with QSE

    without QSE max

~
S  

x  

Dimensionless Seebeck 

Coefficient, S
~

 

1.0

5.0

1







x

x

x






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 V Volume 3m  

 Z Figure of merit K/1  

zyx  ,,  Inverse scale factors dimensionless 

  Conductivity m/1  

  Gamma function dimensionless 

w  Translational energy J  

  Thermal conductivity KmW /  

  Dimensionless chemical 

potential ( Tkb/ ) 
dimensionless 

  Chemical potential J  

  Relaxation time s  
  External potential J 
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EXTENDED ABSTRACT

The conversion of heat current into electric current through thermoelectric effects, i.e., the direct conversion of temperature differences to electric
voltage and vice-versa, offers a promising avenue in energy management. From the practical point of view, one of the most explored possibilities
is the junction of two nanostructured crystals of different type, in which the heat is carried by phonons and electrons, whose efficiency may be
evaluated through the parameter ZT , being T the absolute temperature, and Z the so-called figure-of-merit, defined as

Z =
ε2σe

λe +λp
,

ε being the Seebeck coefficient, σe the electrical conductivity, and λe and λp the thermal conductivities due to electrons and phonons, respectively.
An interesting aspect of nanosystems is the possibility of an additional control of the transport coefficients by getting sizes comparable to the

mean-free path (MFP) ` of the different heat carriers (phonons, electrons, holes, etc.). For instance, in nanowires it is expected that whenever the
radius of the transversal section is comparable to (or smaller than) the phonon MFP, the phonon contribution to the thermal conductivity λp will be
reduced, leading to an increase of Z.

Thus, incorporating explicitly the effects of the several MFPs is useful to study new strategies for the optimization of these effects.
In the present poster we explore phenomenologically the size dependency of Z in nanowires. To achieve that task we use a phonon-hydrodynamic

approach [1; 2] and a simple thermodynamic model [3], which is developed in the framework of Extended Irreversible Thermodynamics, the theory
in which the dissipative fluxes are updated to the rank of thermodynamic variables and the gradients of the unknown fields are allowed to enter the
state space [1; 2]. Our aim is to bridge the gap between the much detailed microscopic approaches (i.e., kinetic theory or numerical simulations)
and the classical nonequilibrium-thermodynamic approaches lacking the explicit presence of the MFP.

In the particular case of a nanosample made by Bi2Te3 interesting results are also obtained.
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EXTENDED ABSTRACT 
 

Heat capacity, diffusion coefficients, and velocity autocorrelation functions for water mixtures with different nonpolar solutes (methane and 
noble gases) have been studied using molecular dynamics at constant volume and temperature. A combined SPCE + Lennard-Jones potential 
was chosen for these systems with Lorentz-Berthelot combining rules. The use of such a potential for water-solute and solute-solute interactions 
allows us to study the system in a single phase region over the wide pressure-temperature range and solute molar fractions up to 15%. The heat 
capacities were calculated using the formalism developed in works of Lustig [1] for NVT ensemble. Comparison with experimental data for pure 
water [2] in the temperature range 298 - 650 K has been done. Simulations show good agreement of bulk water Cv with experimental data in the 
high temperature region, and slight overestimation at ambient temperatures.  

 
FIG. 1. Isochoric heat capacity as a function of temperature at 0.998 g/cm3: water + 0% CH4 (black �),  

water + 6% CH4 (blue ▲), water + 10% CH4 (red ●), water + 15% CH4 (green ▼), and IAPWS-95 reference data[2] for 
water (��). The lines through the data points are given only for guidance. 

 
The first MD simulations of heat capacity changes in water induced by the solvation of nonpolar solutes (methane, krypton) at solute molar 

fractions up to 15% are reported (see Fig. 1). Heat capacities of aqueous nonpolar solute mixtures are smaller than that of pure water, and 
proportional to the solute concentration. This is in agreement with the previous results for very dilute aqueous nonpolar solute mixtures [3] and 
aqueous solutions of alcohols in wide concentration range [4]. Difference between heat capacities of pure water and water-solute mixtures 
gradually decreases with temperature, completely converging at critical temperature. 

Self-diffusion constants of water are in fairly good agreement with experimental data almost up to the boiling temperature. Diffusion 
coefficients of the given aqueous nonpolar solute mixtures decrease with solute concentration and show the following temperature-mass 
dependence βµ/TD ∝ . Self-diffusion coefficients of water molecules in the mixture are smaller than that of pure water. Degree to which D of 

water in the mixture is smaller than in the pure water appears to be proportional to the solute concentration. 
Solvation of nonpolar groups in water is accompanied by specific changes in structure and transport properties which appear to be 

proportional to particles mass and size, and are very different from the changes in water structure induced by solvation of polar and ionic groups. 
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INTRODUCTION 

This paper discusses the use of a relatively new theory 
known as intrinsic quantum thermodynamics (IQT) [1-4] to 
predict the reaction kinetics at atomistic levels of chemically 
reactive systems in the non-equilibrium realm. IQT has 
emerged over the last three decades as the theory that not only 
unifies two of the three theories of physical reality, namely, 
quantum mechanics (QM) and thermodynamics, but as well 
provides a physical basis for both the entropy and entropy 
production. The IQT framework is able to describe the 
evolution in state of a system undergoing a dissipative process 
based on the principle of steepest entropy ascent or locally 
maximal entropy generation [5]. The dynamical postulate of 
this theory was formulated originally to predict the evolution 
dynamics of closed, isolated systems composed of a single 
particle, an assembly of indistinguishable particles, or a field 
[6] or a set of distinguishable particles, fields, or some 
combination of these [7]. More recently some preliminary 
attempts have been made to extend the IQT equation of motion 
so as to model a larger class of systems, namely, those 
involving heat [8-10] and/or mass interactions [10].  

The work presented in this paper demonstrates for the first 
time the use of the IQT framework to model the evolution in 
state of a chemically reactive system as its state relaxes to 
stable equilibrium. This framework brings a number of benefits 
to the field of reaction kinetics. Among these is the ability to 
predict a unique, non-equilibrium (kinetic), thermodynamic 
path, i.e., unique cloud of trajectories, which the state of the 
system follows in relaxing to stable equilibrium. As a 
consequence, the reaction rate kinetics at every instant of time 
is known as are the chemical affinities, the reaction 
coordinates, the direction of reaction, the activation energies, 
the entropy, the entropy production, etc. All is accomplished 
without any a priori limiting assumption of stable equilibrium 
via a specific choice of temperature nor of pseudo-equilibrium 

between reactant and activated complex. This is fundamentally 
different from all conventional methods (e.g., Transition State 
Theory [11,12], Trajectory Calculations [13], Quantum 
Scattering Theory [14, 15], etc.), which envision the reaction as 
a process driven only by collisions (i.e., the laws of mechanics, 
whether classical or quantum). In contrast, IQT envisions the 
same problem driven by both the laws of mechanics and 
thermodynamics. It is, thus, able to provide detailed 
information about the so-called state-to-state reaction channels 
and is not only able to predict the thermal reaction rate constant 
but its instantaneous details as well. As a consequence, this rate 
constant is transformed into a variable rate of the reaction 
process.  

To illustrate the IQT approach, the  
HFHHF +⇔+ 2  (1) 

reaction mechanism, which for decades has been under 
intensive investigation both theoretically and experimentally 
[16,17], is used to benchmark the IQT results and illustrate the 
IQT reaction kinetics in the non-equilibrium realm. 

 
IQT MODEL 

The application of the general IQT framework for 
chemically reactive systems at small scales developed by 
Beretta and von Spakovsky [18] to the chemical kinetics of 
these systems is consistent with the idea put forward by Ziegler 
[19] concerning the thermodynamic consistency of the standard 
model of chemical kinetics. In modeling the non-equilibrium 
time evolution of state of these systems, both the system energy 
and particle number eigenvalue problems as well as the non-
linear IQT equation of motion must be solved. The former 
establish the so-called energy and particle number 
eigenstructure of the system, i.e., the landscape of quantum 
eigenstates available for the system, while the latter determines 
the unique non-equilibrium thermodynamic path taken by the 

ABSTRACT 
This paper presents an application of a fundamentally new approach called Intrinsic Quantum Thermodynamic (IQT) to the 
prediction of the kinetics of chemically reactive systems at small scales. The IQT framework satisfies the laws of quantum 
mechanics as well as thermodynamics and provides an alternative, comprehensive, and reasonable means for modeling non-
equilibrium processes even far from equilibrium. It does so without the need for any of the a priori limiting assumptions 
common to most conventional methods in the literature such as that of stable equilibrium via a specific choice of temperature 
or of pseudo-equilibrium between reactants and activated complex. The IQT framework assumes time evolution along the 
steepest entropy ascent path in state space and is, in fact, able to predict a unique non-equilibrium path, which the system takes 
in relaxing from a state of non-equilibrium to that of stable equilibrium, and in so doing, dynamically provides a plausible 
complete picture of the changes occurring in key thermodynamic properties (e.g., the instantaneous species concentrations, 
entropy and entropy generation, reaction coordinate, chemical affinities, reaction rate, etc.) throughout the reaction process. In 
this paper, the IQT framework is applied to a chemically reactive system governed by the reaction mechanism 
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system, showing how the density operator ρ , which represents 
the thermodynamic state of the system at every instant of time, 
evolves from a given initial non-equilibrium state to the 
corresponding stable chemical equilibrium state. For this 
framework, the thermodynamic system is defined as an isolated 
system consisting of r different reacting species contained in a 
tank.  

In the present paper, only the principal IQT model equations 
are presented. For complete details of the model, the reader is 
referred to [18]. To begin with, the system energy and particle 
occupation number eigenvalue problems, which must be solved 
to establish the landscape of quantum eigenstates available for 
the system, are the following:  

sssqsqsq L,...,qC,...,sEH
sss

11 === ξξ  (2)  

where H is the system-level Hamiltonian, 
ssqE the system-level 

energy eigenvalue, 
ssqξ the system-level eigenvector, C the 

number of subspaces of compatible compositions, and Ls the 
dimension of subspace s. The dimension of the overall Hilbert 
space H.  of the system is ∑ == C

s sLL 1 . A Hilbert as opposed to 
Fock space is assumed since the framework presented is based 
on the assumption that, consistent with the earlier assumption 
of an isolated system, the number of atoms is fixed (i.e., is 
conserved) and always known [18]. The corresponding system-
level particle occupation number eigenvalue problem is 
expressed as  
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where Ai is the ith species, 
iAN the Ai-particles number operator, 

ii jAN the Ai-particles-in-the-ji
th-internal-level occupation num-

ber operator, and s
i

sq
ijα  the Ai-particles-in-the-ji

th-internal-level 
eigenvalue for the th

sq combination in the sth compatible 
composition. Mi is the number of eigenvectors of the one-Ai-
particle internal Hamiltonian operator associated with the 
internal degrees of freedom (i.e., vibrational, rotational, etc. 
energy levels).   

Defining the Hilbert space and the set of eigenvectors that 
span that space requires that the initial amounts nia for each 
species Ai in the reacting mixture be related to the set of 
compatible amounts via the proportionality relations [20], 
namely,  
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where isn  is the eigenvalue of the amount of the Ai species for 
the subspace s, ilν  the stoichiometric coefficient for species Ai 
in reaction mechanism “l”, iν  the set of stoichiometric 
coefficients for species Ai in each of the τ reaction mechanisms, 

lsε the eigenvalue of the reaction coordinate operator of 
reaction “l” that corresponds to the sth compatible composition, 
and sε  the set of reaction coordinate eigenvalues identifying 
the sth compatible composition. This set of inequality equations 
determines the number of compatible solutions (i.e., subspaces 
s).  Note that the isn are related to the s

i

sq
ijα via 

∑=
i

i

s
i

M

j

sq
ijisn α  for every ss L,...,q 1=   (6) 

Equations (2) and (3) are not solved directly due to their 
complexity but instead related to a set of one-particle 

eigenvalue problems, which can be solved. For details of how 
this is done, the reader is referred to [18]. The result is that, the 
one-particle Ai energy eigenvalues and eigenvectors for the 
internal degrees of freedom are made to correspond to the 
system-level ones via the following relations:  
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and for the translational degrees of freedom via the following: 
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where the ( )
ss snsjs

tr
s k,...,k,...,kq 1= , each 

ss sjsj K,...,k 1= , and 
ssjK corresponds to some practical truncation of what is an 

infinite dimensional problem. In addition, T-1 in Eq. (9)  
signifies an inverse unitary transformation from the center-of-
mass coordinate frame in which the one-particle translational 
eigenvalue problems are solved. The system-level energy 
eigenvalues and eigenvectors are now found from those for the 
various degrees of freedom via 

int
sq

tr
sqsq nti

s
tr
ss

ξξξ ⊗=  (11) 

and  int
sq

tr
sqsq int

s
tr
ss

EEE +=  (12) 

The system-level Hamiltonian is next constructed according 
to the following expression: 
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where the projector 
ssq

PH  is given by 

ssssq sqsqP ξξ=H  (14) 

In a like manner, the particle number operator for each species 
is written as 
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The preceding quantities provide the basis for determining 
the set of occupation probabilities 

ssqy , which correspond to 
the density operator ρ at any given instant of time and in turn 
are used to calculate the expectation values of properties or 
observables of interest. Thus, 

 ( )
ssssqs sqsqsq Py ξρξρ == HTr  (16) 

and the expectation energy of the system is given by 
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The expectation value for the number of particles of species Ai 
is found from 
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while that for the reaction coordinate is given by 
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or on a rate basis by 
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Now, the IQT equation of motion governing the reaction 
kinetics for the system considered here is the following: 
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ρρ ,M
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dt
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 (21) 

where the first term on the right governs the linear Hamiltonian 
dynamics of the state evolution and the second, the so-called 
dissipation term, the nonlinear non-Hamiltonian steepest-
entropy-ascent  dynamics. In this equation, τ is the internal-
relaxation time for the dissipation, { } the anti-commutator 
operator, kB Boltzmann’s constant, and MMM −=∆  the 
deviation from the mean of the non-equilibrium Massieu 
operator defined as 

HHSM θ−=  (22) 
where S and H are the entropy and Hamiltonian operators, 
respectively, and θH is a constant-energy, nonequilibrium 
temperature given in terms of the variance of the entropy and 
Hamiltoinan operators by 

( ) HSHHH ∆∆∆∆ρθ =  (23) 
The entropy operator S is expressed by one of two equivalent 
forms, namely, 

( ) ρρ lnln BkPkS bob −=+−=  (24) 
with oP  and B, respectively, the projection operators onto the 
range and the kernel of ρ . 

ONE-PARTICLE ENERGY EIGENVALUES 

It is assumed that the reacting mixture considered here 
behaves as a Gibbs-Dalton mixture of ideal gases. For that 
reason, the energy eigenvalues for translation, vibration, and 
rotation for the species involved are given by a set of closed-
form relations. For translation,  
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where tr
kε   is the one-particle translational energy eigenvalue; h 

Plank's constant; m the mass of the particle;  nx, ny and nz are 
the quantum numbers in the x, y and z directions, respectively; 
and Lx, Ly, and Lz the dimensions for the system volume in the 
x, y, and z directions, respectively.  

For vibration, the expression is 
( ) 2

2
1 ωε += vvvib

v  (26) 
where ν is the vibrational quantum number which takes values 
of ν=0,1,2, …, ω  is the vibrational frequency, and   Plank's 
modified constant. A wide range of wavenumbers from which 
ω  can be calculated are reported in the literature [21, 22]. In 
the present paper, the wavenumber values used are 4401 cm-1 
for H2 and 4000 cm-1 for FH.  

Finally, for rotation, the following expression is used: 
( )

2

2

2
1
r

JJrot
J

µ
ε

+
=  (27) 

where J  is the rotational quantum number that takes values of 
J=0,1,2, …, µ is the reduced mass, and r the distance between 
two atoms.  

 
NUMERICAL APPROACH 

For purposes of this paper and the preliminary comparisons 
given below, the system considered here initially consists of 1 

particle of F and 1 of H2 and is governed by the reaction 
mechanism of Eq. (1). The degrees of freedom for each of the 
molecules and atoms in the IQT model are given in Table 1.  

To apply the IQT equation of motion to this IQT model, the 
density operator for an initial non-equilibrium state is required. 
Such a state far from equilibrium is found by first finding the 
density operator or matrix peρ  for a partially canonical state   

Table 1. Quantum numbers considered for each of the molecules and 
atoms in the IQT model. 

Species Translational 
quantum nos. 

Vibrational 
quantum nos. 

Rotational 
quantum nos. 

F k=1,...,5   
H2 k=1,...,5 ν =0 J =0,1 
FH k=1,...,5 ν =0,1,2,3 J =0,1,...,7 
H k=1,...,5   

and then perturbing it. To determine peρ , the following set of 
equations for the occupation probabilities pe

jy  must be solved:  
( )
( )∑

=

−

−

=

1k

E
k

E
jpe

j k

j

e

e
y β

β

δ

δ
 (28) 

subject to the constraints 
( ) HEyHTr

j
j

pe
j

pe == ∑ρ  (29) 

( ) ( ) r,...,iNnyNTr
ii A

j
ij

pe
jA

pe 1=== ∑ρ  (30) 

The jE  in these equations are the system-level energy 
eigenvalues and the ( )

ijn
 

the system-level particle number 
eigenvalues for the ith species. The values for the jδ  for each 
reactant species are set to either 0 or 1. As long as at least one 
of the jδ  has a value of 0, Eq. (28) describes the occupation 
probabilities for the density operator or matrix of a partially 
canonical state. 

To find the initial non-equilibrium density operator or 
matrix, peρ is perturbed as follows: 

se
j

pe
j

j y

y
f λλ +−= 1  (31) 

∑
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ii
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jj

j yf
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y  (32) 

where λ is an arbitrary perturbation parameter constrained by 0 
< λ < 1 and the se

jy  are the occupation probabilities for the 
stable equilibrium density matrix given by 

∑
=
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eey  (33) 

Here T is the stable equilibrium temperature. 
Once the initial density operator or matrix is found, Eq. (21) 

is solved for the evolution in state of the system. This equation 
has been solved here using a forth order Runge–Kutta explicit 
scheme with the relative tolerance error set to 1e-5. 
 
RESULTS AND DISCUSSION 

Predicting the value of the entropy and the entropy 
generation at each instant of time are direct outcomes of the 
IQT framework since the 1st and 2nd laws of thermodynamics 
are explicitly built into the equation of motion. Figures 1 and 2 
show how both the entropy and the rate of entropy generation 
of the system evolve in time. A state of stable equilibrium is 
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reached when the entropy plateaus out. In addition, the peak in 
the rate of entropy generation occurs quite early in the process 
and then quickly decreases as stable equilibrium is approached.  

 
Figure 1. The instantaneous entropy of the reaction processing system.  

 
Figure 2. The instantaneous entropy generation during the reaction 
process. 

 
Figure 3. The expectation values of the particle number operator for 
each species. 

 
A key feature of the IQT framework is that it is able to 

dynamically predict the concentration of reactive species as the 
reaction evolves in time. Figure 3 shows how the reactive 
species are depleted and created throughout the entire reaction 
process. Indeed the availability of these instantaneous values 
for the species concentrations indicates that the reaction rate 
constant ( )Tk , which in the literature is usually referred to as 
the thermal rate constant1, may in fact not be a constant but 
rather a parameter changing in time. In Figure 3, the identical 
amounts for the reactants F and H2 as well as for the products 
H and FH is a direct consequence of the proportionality 
relations, Eq. (5), and the initial amounts chosen for the 
reactants and products.  

For the bimolecular reaction mechanism of Eq. (1), the net 
reaction rate as a function of time t is given by 

                                                           
1 In fact, this reaction rate constant is that for the forward reaction found at the 
start of the reaction when the backward reaction rate is negligible [22]. 

( ) ( ) ( )trtrtr bf −=  (34) 
( ) ( ) ( )[ ] ( )[ ] ( ) ( )[ ] ( )[ ]tHtFHT,tktHtFT,tktr bf −= 2  (35) 

where rf and rb are the forward and backward reaction rates, kf 
and kb the forward and backward reaction rate “constants”, and 
[A(t)] the concentrations of the various species. The reaction 
orders for the species F, H2, FH, and H coincide here with the 
stoichiometric coefficients for each species for this reaction 
mechanism although it is noted that this is not generally the 
case [23]. Based on the initial amounts of species chosen and 
the proportionality relations, it follows that the net reaction rate 
r for this reaction mechanism coincides with the expectation 
value of the rate of the reaction coordinate E  given by Eq. 
(20). Numerically, it can also be found by calculating the slope 
of the expectation value of the particle number operator of 
either one of the product species using a second order accurate 
finite difference scheme. Once known, Eq. (35) along with the 
zero rate condition at stable equilibrium and the assumption 
that the detailed balance condition holds also for the time-
dependent rate constants, i.e.,  

( )
( )

( )
( )

[ ] [ ]
[ ] [ ]sese

sese

seb

sef

b

f

HFH
HF

T,tk
T,tk

T,tk
T,tk 2==  (36) 

can be used to determine ( )Ttk f ,  and ( )T,tkb  at every instant 
of time along the entire kinetic path determined by the equation 
of motion.  

Figure 4 shows these instantaneous values as well as the 
equilibrium constant ( )TK  given by the ratio of fk  to bk for 
the case of a system expectation energy which corresponds at 
stable equilibrium to a temperature of 298 K. The instantaneous 
values for the corresponding net, forward, and backward 
reaction rates are seen in Figure 5. Clearly, as expected, the 
forward reaction dominates at the beginning of the reaction 
with the reverse reaction growing in importance as stable 
equilibrium is approached. Note that the time scale seen in 
these two figures and the previous ones is based on a value of τ 
in the equation of motion which has been fitted to the value of 
kf at 298 K reported in Heidner et al. [24] and shown in Table 
2. This table also includes the values of kf from Heidner et al. 
[24] for a number of other stable equilibrium temperatures as 
well as values for kf from a number of other researchers. 

 
Figure 4. The forward and reverse reaction rate constants as well as 
the equilibrium constant as a function of time for a system expectation 
energy, which at stable equilibrium corresponds to a temperature of 
298 K. 
 

For a value of τ based on the value for kf in Table 2 from 
Heidner et al. [24] corresponding to a stable equilibrium 
temperature of 700 K, a similar evolution of the reaction rate 
constants and reaction rates is given in Figures 6 and 7. The 
trends are the same as in Figures 4 and 5 with the forward 
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reaction dominating initially and the backward reaction 
growing in importance as stable equilibrium is approached. 
However, the reaction rate magnitudes are clearly much greater 
and the difference between the forward and backward reaction 
rate constants is significantly larger.  

 
Figure 5. The forward, reverse and net reaction rates for a system 
expectation energy, which at stable equilibrium corresponds to a 
temperature of 298 K. 

Table 2. Values of the forward reaction rate constant reported in the 
literature for the reaction mechanism of Eq. (1) [16]. 

kf(T)/10-11 (cm3/molecule-sec) 
T (K) WHa SBAb HBGMc RHPBd WTMe 

298 2.33 2.48 2.93 2.81 2.26 
350 2.89 3.14 3.94 3.35  
400   4.88 3.80  
450   5.76   
500   6.57   
600   8.01  5.68 
700   9.23   

aWurzberg and Houston [25]; bStevens, Brune, and Anderson [26]; cHeidner, 
Bott, Gardner, and Melzer [24]; dRosenman, Hochman-Kowal, Persky, and 
Baer [27]; eWang, Thompson and Miller [16] 

 
Figure 6. The forward and reverse reaction rate constants and the 
equilibrium constant as a function of time for a system expectation 
energy, which at stable equilibrium corresponds to a temperature of 
700 K. 

 
Although all the previous figures are referred to some stable 

equilibrium temperature, the use of such a temperature in the 
IQT simulations for the reaction kinetics of the reacting system 
is not required. In fact, it is a result and not an input to the 
model. Instead, it is the non-equilibrium temperature Hθ
defined by Eq. (23), which plays a role in the IQT simulations. 
As seen in Figure 8, this temperature evolves towards that at 
stable equilibrium for three different expectation energies, i.e., 
those corresponding to 298 K (blue curve), 500 K (red curve), 
and 700 K (green curve) at stable equilibrium. 

 
Figure 7. The forward, reverse and net reaction rates for a system 
expectation energy, which at stable equilibrium corresponds to a 
temperature of 700 K. 

 
Figure 8. Time evolution of Hθ  for system expectation energies 
corresponding to 298 K, 500 K, and 700 K at stable equilibrium. 

SOME FURTHER RESULTS 

A fundamental difference between the results for the 
reaction rate constant obtained by theories based on quantum 
mechanics to those based on classical mechanics is the 
divergence from linear behaviour at low temperatures as 
illustrated in Figure 9. For the system considered here and 
within the IQT framework, Figure 10 shows the behaviour of 
the forward reaction rate constant as a function of stable 
equilibrium temperature. Clearly, the deviation from linear 
behaviour at low temperatures seen in this figure provides 
confirmation that the predictions being made with IQT follow 
what would be expected from a quantum mechanically based 
model. Of course, additional validation of the IQT predictions 
is needed. In principle, it would be interesting to see if it is pos-
sible to identify a fixed, physically meaningful functional ( )ρτ  
such that (1) ( )T,tk f  and ( )T,tkb  as computed above from the 
assumption of the detailed balance result are effectively 
independent of time and (2) the reaction rates match the data of  

 
Figure 9. Depiction of the temperature dependence of the forward 
reaction rate constant with and without quantum mechanical effects 
taken into account. 
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Figure 10. Temperature dependence of the forward reaction rate 
constant for various stable equilibrium temperatures. 

Table 2 without the need for adjusting any parameter. This 
validation has not yet been done. Instead the values used for τ 
are those as mentioned earlier, which simply fit the values in 
column four of Table 2. Figure 15 is a plot of these values as a 
function of stable equilibrium temperature. The authors are 
presently working on a functional for τ, and Figure 11 provides 
a basis for understanding at least some part of the behaviour, 
which such a functional must reflect. Knowing the expected 
behaviour of τ should help in identifying a unique functional 
( )ρτ  capable of capturing the dynamics of the reaction without 

the use of adjustable parameters.   

 
Figure 11. Relaxation time constant for the various stable equilibrium 
temperatures found in Table 2. 

 
CONCLUSIONS 

The IQT framework provides a comprehensive and reason- 
able approach for predicting the chemical kinetics of small 
scale reactive systems that could become a valid alternative to 
conventional approaches. Because IQT unifies quantum 
mechanics and thermodynamics into a single theory with a 
single internally consistent kinematics and dynamics, the laws 
of both are automatically satisfied when modeling reactive or 
non-reactive systems at the atomistic level. The consequence is 
that unlike conventional methods that use hybrid approaches to 
try to predict details of the kinetics of a change in state, IQT 
holds the promise to provide a full set of thermodynamically 
consistent, time-dependent features of the chemical kinetics of 
an atomistic-scale, chemically reactive system.  

Finally, the preliminary data presented in this paper 
demonstrates that the predictions of IQT appear consistent with 
what the best conventional methods in the literature are able to 
predict. For very few particle systems and by considering a 
small set of energy levels the computational burden is not large 
at all.   
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EXTENDED ABSTRACT 
 

Kaolinite is a common 1:1 type clay mineral, consisted of layers which are built up from one tetrahedral silica sheet and one octahedral 
aluminium hydroxide sheet. The layers are held together by hydrogen bonds forming a distinct space between the layers and this causes the 
cleavage and softness of the mineral. The equilibrium basal spacing of kaolinite is around 0.72 nm. Depending upon the application, kaolinite is 
often modified from its natural state by physical or chemical treatments to enhance the properties of the material. Kaolinite can intercalate various 
molecules in their interlayer space. Strong polar molecules can expand the basal spacing by disturbing the intermolecular hydrogen bonds 
between the layers. The obtained mechanically stable complexes have well defined basal spacings. The separation of kaolinite layers by reactive 
guest molecules (e.g. dimethyl sulfoxide, urea, formamide, potassium acetate) has been studied both experimentally and theoretically. In this 
work, molecular simulations and X-ray diffraction experiments were used to investigate the properties of kaolinite/urea and kaolinite/potassium 
acetate complexes. Urea has the earliest practical application in synthesis of organocomplexes of kaolinite, and potassium acetate is the substance 
by which one of the largest basal spacings can be achieved in direct kaolinite intercalation. Molecular simulations are suitable tools to study the 
adsorption and intercalation of molecules in clays. In our simulations the kaolinite model was constructed according to its experimental crystal 
structure [1] using a recently published thermodynamically consistent force field (INTERFACE [2]) to describe its intramolecular and 
intermolecular interactions. The INTERFACE force field operates as an extension of common harmonic force fields (AMBER, CHARMM, 
GROMACS, OPLS, etc.) by employing the same functional form and combination rules to enable accurate simulations of inorganic-organic (as 
well as inorganic-biomolecular) interfaces. According to the literature [2], the INTERFACE force field performs well in comparison to 
experimental data and alternative force fields. The validity of the force field parameters has been tested for several materials, such as layered 
silicates and fcc metals. For the guest molecules standard force fields (CHARMM for urea and potassium acetate, and SPCE for water) were 
applied. The simulations were performed using the GROMACS [3] program suit. The basal spacings were determined by series of NpT (fixed 
number of molecules, constant pressure and temperature) Molecular Dynamics (MD) simulations.  

In control experiments, high-grade Zettlitz kaolin was used and a dry manual or a mechanical grinding technique was employed for 
intercalation. The basal spacings were determined by X-ray diffraction analysis based on the well-defined 001 reflections. 

We investigated the hypothetical loading vs. basal spacing diagrams obtained from the simulations for the kaolinite/guest molecule 
complexes: the results are in agreement with the expectations, the basal spacing increases with the content of the guest molecules. Stable regions 
were identified, where the calculated distance is almost constant in function of the intercalated molecule content. The Gibbs free energy for the 
simulated systems with kaolinite was also calculated, where possible, to locate more precisely the loading in the stable structures. The simulated 
basal spacing data for the kaolinite/urea and kaolinite/potassium acetate complexes are in good agreement with our experimental X-ray 
diffraction results and other experimental data available in the literature. From the two types of stable kaolinite/potassium acetate intercalate 
complexes identified in this study, the one with larger basal spacing is formed with incorporating water into the interlayer space (only this 
complex can be produced by the basic synthesis procedure in air atmosphere).  

The structure of interlayer molecules of the complexes was characterized by density profiles and molecular orientation distributions of the 
guest molecules obtained from simulation data. Our examinations validated the supposed (single- or double- layered) arrangements of guest 
molecules and revealed the character of the hydrogen bonds between the guest molecules and the layer surfaces. 
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EXTENDED ABSTRACT 
 

Miedema et al. [1] modified the OmpF ion channel by point mutation and changed the amino acids lining the pore so that a p-n junction was 
formed inside the channel. They showed with electrophysiological experiments that this channel shows rectification; the current at positive 
voltage is much smaller than at negative voltage. The goal of this work is to build models for the rectifying ion channel and study them with 
computer simulation methods thus trying to reproduce the phenomenon and to explain the mechanism behind it. In modelling, we used two 
limiting approaches. In one approach, we used an all-atom model based on the known crystal structure of the OmpF porin and on well-
established classical force fields and studied this model with the GROMACS molecular dynamics simulation package [2]. In this approach, we 
found selectivity, but we did not find rectification. Therefore, we also used a reduced model, in which we approached the problem from the other 
end; only the important degrees of freedom are built into this model. We model the ions and the charged protein side chains explicitly, while 
water, the rest of the protein, and the membrane is averaged into a dielectric background. We have studied this model with the Nernst-Planck 
transport equation coupled to the Local Equilibrium Monte Carlo method (NP+LEMC) [3]. In this model, we found clear rectification behavior. 
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ABSTRACT
It is well-known that, nano-mechanics should take into account not only physical phenomena occuring within the bulk but, first
of all, the physical phenomena appropriate for a surface of two materials contact. The huge volume density of internal surfaces as
well countours lines located within the nanomaterial results in our interest in, apart from classical form of mass, momentum and
entropy transport, those modes of transportation where a carrier of physical property follows a free path having of a dimension
greater than nanostructure characteristic dimension. The mode of transport dominated by mechanical, thermal and electrical slip
of carried bounding off walls (a surface of separation) is called usually in physics ”a ballistic mode”. In the paper the appropriate
Newtonian surface vis impressa responsible for the ballistic mode of transport is defined, classified and explained. We postulate
that generally surface vis impressa can be additivelly splited onto friction and mobility forces.

MOVING SHELL-LIKE CONTACT

We assume that the fluid-solid contact layer (denoted as
M+M−) can be treated as thin domain moving in a space with
a geometrical, migration velocity w. This shell-like domain di-
vides the continuum into a continuum A - that is a fluid under
consideration, and a continuum B which can be a free surface,
solid body or second fluid, as in Fig. 1. If both A and B are flu-
ids then it is the fluid-solid contact layer represents the moving
interfacial region, where physical properties change in a radical
manner. For instance in a thin transition layer between liquid
and vapor, the change of density is so noticeable, that it looks
like a jump throughout the layer thickness. Therefore, we as-
sume that in the layer we observe so-called ,,apparent” mate-
rial properties, quite different than in bulk continuum A and B.
Thus we define an excess of layer density ρs [kg m−2], the layer
particle velocity vs [m s−1], an excess of layer momentum den-
sity ρsvs, and a surface excess of momentum flux ps, [1; 6; 7;
20].

In general, this layer moves with the geometrical velocity w
that differs from material velocity vA in A, velocity vB in B,
and velocity vs inM+M−. In particular case, the velocity w
denotes the rate of changing a phase transition surface within
the fluid being at rest. Usually, the component wn normal to
moving middle surfaceM, differs from normal components of
vA, vB and vs. It practically means that there is also a mass
transport across the layer. Indeed, the geometrical velocity field
is not a priori known, and can be determined from a special evo-
lution equation, [1; 19]. If w = vs then the moving layer is ma-
terial, if w = vsIs +wnn the surface is semi-coherent (Fig. 1).
Navier and Stokes have assumed, that the surface layer den-
sity is equal to zero. Apparently, we want to determine the slip
velocity vs from an independent balance of the layer momen-
tum. In special cases however, it simplifies to the well-known
Cauchy balance of the boundary traction forces. For immiscible
liquids being in contact, the tangential components vsIs can be
approximately described to be 1

2 (vA + vB) Is. Quite similarly,

Figure 1. Outline of the fluid-soild contact layer

only in a special case is ρs = 1
2 (ρA + ρB)h, where h is a finite

thickness of the layer1.
We introduce a new concept of an ,,excess of momentum

flux” within the fluid-solid contact layer, which is described by
a surface symmetrical diade ps. It governs the momentum trans-
port within the layer, and therefore it has a tangential and nor-
mal components. We postulate the surface momentum flux in a
following form:

ps (ξ) = pαβaα ⊗ aβ + pnαn⊗ aα
+pαnaα ⊗ n + pnnn⊗ n , (1)

where ξα, α = 1,2 are a local surface curvilinear coordinates

1We are based on a general surface kinematics elaborated by [20]. The gen-
eral form of the surface balances of mass, momentum, angular momentum, en-
ergy, entropy, etc. is given by [16; 9; 21].
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on M, and aα, n (α = 1,2) are the base vectors on the mid-
dle surface of the layerM. Since the physical properties of the
layer are unknown a priori, they depend on the resulting appar-
ent properties in both continua A and B. For example, elastic
recoverable properties of ps depend on an actual shape of the
surfaceM. Many authors postulate, that due to strong induced
elasticity of the fluid layer, it changes from the elastic fluid (only
recoverable spherical deformations) into an elastic fluid with re-
coverable shape deformations [7]. Similarly, owing to induced
strong anisotropy, the internal viscosity of the fluid layer can be
described by four apparent viscosity coefficients, [3; 11].

Let us now recall a few mathematical relations required for
establishing of balance of the layer mass and momentum. At
first the Weatherburn surface fundamental diades can be intro-
duced, [17]:

Is = I− n⊗ n = gradsxs = aαβaα ⊗ aβ , (2)

IIs = −gradsn = bαβaα ⊗ aβ , (3)

which are called the first and second fundamental form of the
surfaceM. As far as the surface gradient acts also on the coor-
dinate dependent base aα, n, then the surface gradient of veloc-
ity is calculated to be:

gradsvs = (vαaα + vnn)⊗∇βaβ

=
(
vα|β − vnbαβ

)
aα ⊗ aβ

+(vαbαβ + vn,β)n⊗ aβ , (4)

and the surface divergence of velocity vector is based on the
contraction C1,2:

divsvs =C1,2gradsvs=(vα|β−vnbαβ)aαβ

= vα|α − vnbαα = divs
(
vs‖

)
− vnIb. (5)

where the invariants of the second fundamental form of the cur-
vature diade are: Ib = trIIs = bαα = b11 + b22 =

(
1
r1

+ 1
r2

)
,

IIb = detIIs = det (bαβ) and C1,2 denotes contraction of first
and second base. In analogy to the three-dimensional case, the
rate of surface deformation is defined as a symmetric part of the
surface gradient of velocity:

ds =
1

2

(
gradsvs + gradTs vs

)
=

[
1

2

(
vα|β + vβ|α

)
− vnbαβ

]
aα ⊗ aβ

+
1

2
(vαbαβ + vn,β)

(
n⊗ aβ + aβ ⊗ n

)
. (6)

The first invariant of ds is in analogy to 3D:

Ids = trds =C1,2ds=vα|α−vnIb . (7)

Similarly, the surface gradient of the flux of momentum is:

gradsps = ps ⊗ (∇γaγ) = pαβ |γaα ⊗ aβ ⊗ aγ

+pαβbαγn⊗ aβ ⊗ aγ + pαβbβγaα ⊗ n⊗ aγ

+pnα|γ (n⊗ aα ⊗ aγ + aα ⊗ n⊗ aγ)

+
(
2pnαbαγ + pnn|γ

)
n⊗ n⊗ aγ

−pnαbεγ (aε ⊗ aα ⊗ aγ + aα ⊗ aε ⊗ aγ)
−pnnbεγ (aε ⊗ n⊗ aγ + n⊗ aε ⊗ aγ) , (8)

and its divergence:

divsps =C2,3gradsps
=

(
pαβ |β − pnβbαβ − Ibpαn

)
aα

+
(
pαβbαβ + pnα|α − Ibpnn

)
n. (9)

where C2,3 means scalar multiplication second & third vector of
base (operation of contraction C2,3).

MOMENTUM BALANCES WITHIN A CONTACT THIN
LAYER

The local form of the momentum balance can be finally writ-
ten as2 [2]:

∂t (ρv) + div (ρv⊗ v + p) = ρb for A∪B , (10)

∂t (ρsvs) + divs
(
ρsvs ⊗ vs‖

)
−wnIbρsvs + divsps

+∂n (psn) + [pAnA + pBnB + fSA + fSB ] = ρsbs
+ṁA (vA − vs) + ṁB (vB − vs) on M. (11)

Repeating now the reasoning of d’Alembert and Euler, we can
define a surface d’Alembert-Euler acceleration vector to be:

as =
ds
dt

vs = ∂tvs + (gradsvs)vs‖ . (12)

Employing the surface identity, instead of divergence of the
convective flux of surface momentum we obtain:

ρsas = ∂t (ρsvs) + divs
(
ρsvs ⊗ vs‖

)
(13)

The fluid-solid contact layer in generalized form is descri-
bied now by the layer balances of mass and momentum. These
are two additional nonlinear differential equations for two addi-
tional fields of unknowns, i.e. the surface mass density ρs and
the layer slip velocity vs. These equations are both geometri-
cally and physically nonlinear, and should be solved using any
discretization method (FEM, FVM), under assumption that the
surface M possesses an independent from the bulk space dis-
cretization. In the case whenM− is a fixed solid surface, the
geometrical velocity w = 0, and then discretization mesh could
be fixed in the marching time of numerical solution. Apparently,
if w 6= 0, then a moving, self deforming mesh should be re-
solved together with surface mass and surface momentum equa-
tions, and the appropriate set of equations for bulk. There are

2An example how to define pBfor the deformable wall is given in the paper
by dell’Isola et al. [8], eq.(40)
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different cases of using the Navier-Stokes layer balances in the
literature. For instance, when A and B are ideal, non-viscous
Euler fluids, and the surface density is equal to zero ρs = 0, and
the layer momentum flux is omitted ps = 0, then the surface
mass and momentum equations reduce to the generalized form
of the Rankine-Hugoniot jump conditions:

{
ṁA = ṁB

ṁAvA + pAnA = ṁBvB + pBnB
, (14)

where pA, pB are thermodynamic pressure in the Euler fluids
A and B, respectively. If, additionally w = 0, and there is
an additional contribution to the surface diade ps = γIs, then
the layer momentum balance leads to the generalized Young-
Laplace equation:

divs (γIs) + pAnA + pBnB

=

[
γ

(
1

r1
+

1

r2

)
+ pA − pB

]
n = 0 . (15)

If an interfacial density is omitted i.e. ρs = 0, the difference be-
tween the external friction forces fSA and fSB simply vanishes
then, and a single layer friction force exists:

fAB = fSA + fSB = ν (vA − vB) , (16)

where ν is an external viscosity coefficient. It is an exact form
of an external friction force proposed by Navier (vB = 0) and
Stokes (vB = vwall). Assuming, that the continuum A is an in-
compressible viscous fluid: pA = pI− 2µd, and the continuum
B is a rigid, fixed solid body: pB = 0, vB = 0, we obtain the
Navier slip boundary condition:

fAB + pAnA = νvA + (pI− 2µd)n = 0 on M , (17)

where vs = vA|M is identified with the slip velocity.
Let note that the layer flux of momentum is responsible for re-
coverable and viscous transport: ps = ps(c) + ps(ν). The first
most important part of the elastic recoverable diade p(c)

s , that is
known as the capillarity diade, can be described by the surface
tension γ. This quantity was introduced to the process of math-
ematical modeling by Young, Laplace and Poisson. The second
contribution comes from the recoverable stresses called the sur-
face bending C1, C2, introduced by Gibbs. There is also a layer
,,normal pressure” $, introduced by Stokes. These altogether
lead to the following definition of the capillarity diade:

ps
(c) = $n⊗ n + γIs +CIIs, ∂n (psn) = $n , (18)

where 2C = C1 +C2, and divsps(c) = γIbn +C
(
I2b − 2IIb

)
n.

A quite general form of the capillarity diade has been proposed
recently [1] as:

ps
(c) = γ0 − IIsγ1 + n⊗ Isdivs (γ1 − IIsγ2) , (19)

where the surface capillary measures can be defined to be spher-
ical:

γ0 = γIs, γ1 = CIIs, γ2 =KIIIs . (20)

These capillary measures are expressed in terms of the first, sec-
ond and third fundamental surface forms, and γ, C, K are the
surface tension, bending and torque, respectively.

The viscous properties of the Navier-Stokes layer depend on
the so-called ,,apparent viscosity” which, in general, possesses a
transversal anisotropy, [11]. One can define the viscous surface
stresses by using the surface diade of the rate of deformation
and a normal change vn,n:

ps
(ν) = λ′ (trds) Is + λ′′vn,nn⊗ n

+2µ′IsdsIs + 2µ′′ (ds − IsdsIs) . (21)

This diade does not undergo the classical 3D de Saint-Venant
condition, saying that the viscous stresses must be traceless. For
a special case when λ′′ = µ′′ = 0, this constitutive relation was
proposed by B.M.J. Boussinesq (1913), [4; 19]:

ps
(ν) = (λ′ − µ′) (trds) Is + 2µ′IsdsIs . (22)

The formula for surface viscosity coefficients λ′, µ′ needs ex-
tended investigations.

SURFACE FRICTION VIS IMPRESSA CLASSIFICA-
TION

Let us consider now a more consistent velocity slip boundary
conditions that should be consistent with the Newton postulate
stating, that a friction phenomenon depends on three compo-
nents: the pressure dependent part, the relative velocity part,
and the square velocity dependent part. Let the Newton postu-
late be true for a fluid in the bulk as well as for the thin layer
on a boundary surface realizing a contact with a solid surface.
Then taking into account, we have more consistent definition of
the surface friction force:

ffAB = fSS′N
v− vwall
|v− vwall|

+ ν (v− vwall)

+fκ (v− vwall)
2 v− vwall
|v− vwall|

. (23)

where fSS′ , ν, fκ are cohesive, external friction and kinematic
friction coefficients and N = n · (pA − pB)n is contact normal
force. Some consistencies of this condition can be simply
recognized if we compare the internal and external coefficients
that appear in the model. This consistency can even be extended
on reversible properties of the model i.e. the internal (Euler)
and the external (Stokes) pressures p and $, respectively. In
the Table1 the comparison of these properties is shown .

The better consistency of the above model results from the
fact that it needs three coefficients of internal friction (kvis, µ1,
µ2) and three coefficients of external friction (fSS′ , ν, fk), re-
spectively. Therefore, we can define a ratio between the internal
and external friction by a dimensionless coefficient λvis, and
two lengths of velocity slip: l1ν and l2ν (see: table 1). Having
a measure of internal properties of friction, one can connect the
external properties of friction at the fluid-solid contact layer by
appropriate closures written for λvis , l1ν and l2ν , respectively.
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Table 1. Comparison of a concise model of internal and external friction, according to Newton’s postulate. The model (†) of a viscous bulk pressure
has been proposed by Natanson [15].

Internal (bulk) External (boundary) Characteristic ratio

Elastic pressure p [Nm−2] $ [Nm−2] λpress = p/$

frictional pressure pvis = kvisJ
† [Pa] fSS′ λvis = kvis/fSS′N

linear slip velocity µ1 [Nsm−2] ν [Nsm−3] l1ν = µ1/ν

square slip velocity µ2 [Ns2m−2] fk [Ns2m−3] l2ν = µ2/fk

SURFACE MOBILITY VIS IMPRESSA CLASSIFICA-
TION

Here, we must note that the previous literature statements of
the phenomena of surface mobility, called transpiration, should
be taken into account to the proper definition of surface fric-
tion. Yet another mobility force, other than the difference of
pressure or temperature, was discovered by Graham in 1849.
He found a new kind of transpiration called ,,atomisis”[18; 14].
This phenomena is nowadays called ,,diffusional transpiration”
or ,,diffusionphoresis”. It is quite different kind of flow than the
classical transpiration flow induced by difference of the normal
surface pressures, i.e. ,,pressure transpiration”. The diffusion
transpiration deals with a flow of gas mixture by a long capil-
lary pipe, where there is another interaction of every mixture
component with a surface. It leads to the mixture separation.
In this case the most important is a coefficient of diffusion mo-
bility cvN . Another type of induced motion is due to the differ-
ence of an electric potential φ on a surface. This phenomenon is
called ,,electrophoresis” and is governed by an electro-mobility
coefficient3 cvφ. Other mobility mechanism is connected with
the phase transition change, [2] and the surface gradient of the
phase order parameter x.

Let us note that these all types of mobility, i.e., pressure, ther-
mal, diffusional, phase, and electrical define only an external
mobility force in the fluid-solid contact layer. This force, par-
tially given by Reynolds [18] and Maxwell [14], can be gener-
alized to:

fmAB = −cv$grads$− cvθgradsθ
−cvNgradsN − cvφgradsφ− cvxgradsx , (24)

where cvθ - the thermo-mobility coefficient, cvN - the
concentration-mobility coefficient, cvφ - electro-mobility coef-
ficient, cv$ - the pressure-mobility coefficient, cvx - the phase
mobility coefficient.

In a special case, when gas is at rest, we can observe a motion
of the particle induced by different surface vis impressa. This
kind of motion is called in the literature the ,,phoretic motion”
[5]. In general, any nano-particle immersed in the fluid may
undergo simultaneously five types of motions which are shown
in Table 24.

3Electrophoresis was discovered by von Smoluchowski in 1916 [22]. See
also: H.J. Keh, J.L. Anderson, Boundary effects on electrophoretic motion of
colloidal sphere, J. Fluid Mech. 153,417-439(1985)

4These phenomena must be distinguished from the motion-less phenomena
like: ,,temperature jump”, ,,concentration jump”, ,,potential jump” related with
the external heat conductivity, external mass diffusivity, and external electric

Table 2. Five kinds of motions connected with the surface mobility of
a particle immersed in a fluid at rest. Here: cvθ - the thermo-mobility
coefficient, cvN - the concentration-mobility coefficient, cvφ - electro-
mobility coefficient, cv$ - the pressure-mobility coefficient, cvx - the
phase mobility coefficient.

Phenomena Corresponding velocity Driving potential

thermophoresis vwall = cvθgradsθ temperature θ

diffusionphoresis vwall = cvNgradsN concentration N

electrophoresis vwall = cvφgradsφ electric potential φ

pressurephoresis vwall = cv$grads$ pressure $

phasephoresis vwall = cvxgradsx order parameter x

COMBINED SURFACE FRICTION AND MOBILITY

Let postulate surface vis impressa to be:

fAB = ν (v− vwall − cvθgradsθ) . (25)

The thermo-mobility coefficient cvθ should be formulated,
according to Maxwell’s slip formula [14], as a coefficient that
is not dependent on the property of the solid surface:

cvθ =
3

4

µ

ρθ
. (26)

Equation (25) is called the ,,Maxwell slip boundary layer”. Let
us note that in this equation very particular role plays the gradi-
ent of temperature θ. It is a completely external surface effect
which is not connected with any form of stress tensor. It means
that the motion of the gas close to a solid surface, in general is
governed by two kinds of forces. The first is a mechanical one,
which is connected with the external viscosity, and the second
one is a temperature gradient which drives of gas particle close
to the surface from colder to hotter part. Therefore the coeffi-
cient of thermal mobility cvθ is independent from mechanical
layer properties and should be experimentally verified5.

Finally, let us recall Maxwell solution for a flow of a gas in
a long capillary tube having inner radius a, which occurs under

conductivity coefficients, respectively. Recently the phenomenon of jump con-
centration of salt in a gel mixture has been discovered by [12].

5There are numerous modern papers that mention about the proper exper-
iments. The impressive electrokinetic properties predicted for a carbon nano-
tube channels have not yet been measured in careful experiments, [10].
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two kind of driving forces. These forces are a bulk pressure
transpiration due to difference of pressure at the ends of the
tube, and the surface thermal transpiration due to difference of
temperature at the same ends of the tube. Since the gas is flow-
ing from higher to lower pressure and, simultaneously, from the
colder to the hotter end, then these effects can be summarized.
In a particular case, where the driving forces are opposite and
equal themselves, there is no net outflow of gas from the cap-
illary. Then an enhancement of mass flux due to the Maxwell
slip is6:

QMaxwell

QPoiseuille
=

(
1 + 4

ls
a

)
− 8

π
cvθ

µ

ρa4
dθ

dz

(
dp

dz

)−1
. (27)

This enhancement is essential only if the inner radius a is small
in comparison with the slip length ls and thermal mobility cvθ
is small. Thermal contribution to the slip is important when the
gas is rarefied. Both driving forces (per unit of length of the
pipe): dp and dθ, can be in opposition. In a particular case there
is no flow in the pipe Q = 0. Then we have7:

dp

dθ
= 6

µ2

ρθ

1

a2 + 4lsa
. (28)

For given temperature difference dθ = 100 K, under the pres-
sure of 40 mm of mercury, and assuming ls = 0.00016 cm, this
formula leads to the resulting pressure at the hot end which ex-
ceed that at the cold end by about 1.2 millionth of the atmo-
sphere. Modern numerical techniques allowed us to reconstruct
this experiment by means of Finite Volume Method. Obtained
results are however slightly different - see Fig. 2, b) for which
ṁ = 0.

CONCLUSION

In the paper the applications of the extended solid-fluid
contact equations, including the different surface mobility
mechanisms are presented in order to explain the enhanced
flow in micro-channels.
Boundary force is a sum of friction and mobility force: f∂V =
v (v− vwall) + (−cs,ωgrads$− cs,θgradsθ− cs,cgradsc)
where cs,ω - pressure transpiration; cs,θ - thermal transpiration;
cs,c - concentration transpiration.
Generalization of the fluid-solid contact boundary slip layer,
formulated in the present paper, supplements the original
Navier-Stokes model by additional surface quantities like the
surface mass and the surface momentum flux. In the present
case the slip velocity vs is determined from the solution of the
complete balance of momentum (11) written within the layer.
Since the stress tensors pA, pB are determined in the bulk and
cannot be arbitrarily changed at the boundary, such an approach
leads to the separation for those constitutive relations which

6Another objective for analytical study lies in exploring the underlying
physics of the so called Knudsen paradox. Explanations of this paradox can-
not be given by model of Navier slip layer, and needs more advanced method
of modeling, [1; 13]. Let recall, that the Knudsen paradox relates to the pres-
ence of a minimum of mass flow rate in a function of the Knudsen number.
Thus, the exploration of Knudsen paradox and its full understanding also re-
quire a considerations on the limit of continuum approaches. It is fact, that
the Knudsen-Gaede flow should be a fundamental benchmark for nano-flows of
rarefied gases like the Pouiselle or Couette flow at macro-scale.

7See: ([14],Appendix,eq.(81))

Figure 2. The calculated mass flow rate and relevant velocity profiles
in the Maxwell capillary tube for given constant temperature difference
dθ = 100 K, and for different dp : a) 0 Pa, b) 1.1 Pa and c) 10 Pa. The
case a) describes pure thermal transpiration (no pressure driven flow),
where slip velocity vs = 0.0077m/s drives the bulk flow of a gas.

can be imposed to fulfill the surface balance of momentum.
There is still an open place for the modeling of the surface
momentum diade ps and the surface friction force fAB , where
indeed a second gradient of surface velocity can be postulated.
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